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INTRODUCTION

To estimate the zeros of a polynomial is a long standing problem. It is an interesting area of research for many engineers as well as
mathematicians and many results on the topic are available in the literature.

If P(2=Y1p az', be a polynomial of degree n then Polar Derivative of the polynomial P(z) with respect to a, where o can be real
or complex number, is defined as

D,P(z) =n P(z) + (0-z) P’(2).
It is a polynomial of degree up to n-1. The polynomial D,P(z) generalizes
the ordinary derivative, in the sense that lim,_,.,D,P(z)/a. = P’(2).

The well-known results on Enestrom-Kakeya theorem (see [1,2]) in theory of distribution of zeros of polynomials are the
following.

Theorem (A,): Let P(z) =X , a;z' be a polynomial of degree n such that

O<gp<a;<..... <a,.
Then all the zeros of P(z) lie in |z| < 1.

A. Joyal, G. Labelle and Q.I. Rahman [3] obtained the following generalization, by considering the coefficients to be real instead
of being only positive.

Theorem (A,): Let P(z)=)1, a;z be a polynomial of degree n such that

*Corresponding author: Anoosha, K.,
School of Mathematics and Statistics, University of Hyderabad - 500046, India.



23145 Anoosha et al. Location of zeros of polar derivative of polynomial with real coefficients

Then all the zeros of P(z) lie in |z| < |a,|" {a, - ao+ |ao|}.

This paper we prove the following results.

Theorem (1): Let P(z)=)7, az' be a polynomial of degree n with real coefficients such that for some & > 0
O<ap—6<a;<..... <a,

and (n-i)a<a;i=0,1,2,...n-1.

Then the polar derivative of P(z) with respect to a positive o has (n-1) roots and they lie in

Iz| < (ap+ oman)'1 {a,.; + ana, + 2nd}.

Corollary (1): Let P(z2=Y1-, a;z' be a polynomial of degree n with real coefficients such that for

(n-)a<ai=0,1,2,.. .n-1.

Then the polar derivative of P(z) with respect to a positive a has up to (n-1) roots and they lie in
|z| < 1.

Remark (1): By taking 6=0 in Theorem (1) we obtain Corollary(1).

Theorem (2): Let P(z)=X1., az bea polynomial of degree n with real coefficients such that for 6 > 0

(n-)a<ai=0,1,2,.. .n-1.
Then the polar derivative of P(z) with respect to any o#-a,.;/na,has (n-1) roots and they lie in
|z| < [an.; + onay|” {a,. + ona,+2nd - na, - aa; + | nay + oa, |}.

Corollary (2): Let P(z)=)]-, a;z' be a polynomial of degree n with real coefficients such that for

(n-)a<a;i=0,1,2,...n-1.

Then the polar derivative of P(z) with respect to any o#-a,.;/nashas (n-1) roots and they lie in
|z| < lan.; + ocnan|'1 {a,.; + ana, - nay - 0a; + | nag + 0a; |}.

Remark (2): By taking =0 in Theorem (2) we obtain Corollary(2).

Theorem (3): Let P(z2)=)7-, a;z' be a polynomial of degree n with real coefficients such that for
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(n-1)a<a;i=0,1,2,...m-1.
Then the polar derivative of P(z) with respect to o such that
A =-a,i/ na, = -2a,,/(n-1)a, =.....
=-(n-m-1)a1/(Mm+2)a,H7-(n-m)ay,/(m+1)ag.
has exactly m roots and they lie in
|z| < [(n-m)ay, + a(m+1)an: [ {(n-m)ay, +a(m+1)an,, -na, -ana, + 2nd + | nay + ana, |}.

Corollay (3): Let P(2)=)[, az' be a polynomial of degree n with real coefficients such that for

(n-)a<a;i=0,1,2,...m-1.

Then the polar derivative of P(z) with respect to a such that

o =-a,/ na, =-2a,,/(n-1)a, =.....

=-(n-m-1)a,+/(m+2)a,o#(n-m)a,/(m+1)a,.

has exactly m roots and they lie in

|z| < |(n-m)a,, + ()L(erl)am+1|'1 {(n-m)a,, +o(m+1)ay,; -nay -ona, + | nay + ana, |}.

Remark (3): By taking =0 in Theorem (3) we obtain Corollary(3).

Proof of Theorem 1:

LetP(z) =ag+az+ a2 +...... + a,z" be a polynomial of degree n.

Then the polar derivative of P(z) is given by D,P(z) =n P(z) + (a-z) P’(z). Then

D.P(z) = [nay + 0a;] + [(n-1)a; + 20@,] z + [(n-2)a, + 30a3]2> + ...

+ [(n-m+1)ay.; + amay, 2™ + [(n-m)ay, +a(m+1)an. 12" + [(n-m-1)am.; ta(m+2)an]z™" + ......
+ [225, +a(n-1)ay 2" + [an. + ana,]2"".

Now consider the polynomial Q(z) = (1-z) D,P(z) so that

Q(z) = -[ a,. + ona,]z" + [, + ana, - 2a,, - ot(n—l)an_l]z“'1 +...
+ [(n-m-1)ay | + a(m+2)am:s - (n-m)ay, - o(m+1)ag]z™"

+ [(n-m)a,, + a(m+1)ay.; - (n-m+1)a,,; - oma,, ]z"

+ [(n-m+1)ay.; + amay, — (n-m+2)ay, — a(m-1)an 2™ + ...

+[(n-2)a, + 3aa; — (n-1)a; - 2(xa2]22 + [(n-1)a; + 203, — nay - aa; |z + [nag + oa].
Now if [z>1 then |z|"< 1fori=1,2,3,....n-1
Further

1Q(2)| > |an., + onay||z" - {|an.; + ana, - 2a,, - a(n-Day| 2™ +....
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+|(n-m-1)ay + a(m+2)an, - (n-m)ay, - o(m+1)am.| |z|m+1

+/(n-m)ay, + a(m+1)ag,; - (n-m+1)ay,, - amay, || z|"
+/(n-m+1)ap,, + amay, — (n-m+2)ay., — a(m-1)ay.| |z|™"
+(n-2)a, + 3aa; — (n-1)a; - 20a,| |z|* +|(n-1)a; + 203, — nay - oay| |z|
+nag + aay[}.
> Jag1 + anay| 2" [17] - | a) + ana,| {la s + anay - 2a,5-a(n-1)a, |
+ R8s + a(n-ay; -3a,5-a(n-2)a,| [z +. ..
H(n-m-1ag: + a(m+2)an, - (n-m)ay, - a(m+1)an.,| [z @™
+/(n-m)ay, + a(m+1)ay - (n-m+1)ay,, - ama,, || 2™
+/(n-m+1)ap,, + amay, — (n-m+2)ay,., — a(m-1)ay.| |2 "™ + ...
+|(n-2)a + 30a; — (n-1)a; - 20ay| [z "> + |(n-1)a; + 208~ nao - aay| 2™ +nag + aay| 2[* }].
>fay; + anay| |2 [[2] - | apt + onay|” {jan. + anay - 2a,, -a(n-1ay.|
+2a,, + a(n-1)a,.; -3a,3-0(n-2)a,o| + . . .
+|(n-m-1)ay; + a(m+2)ayn, - (n-m)ay, - a(m+1)a,.|
+|(n-m)a,, + a(m+1)ay; - (n-m+1)a,,; - amay, |
+(n-m+1)a,, | + ama,, — (n-m+2)a,, — a(m-1)a, | + ...
+|(n-2)a, + 30a; — (n-1)a; - 2aa,| + |(n-1)a; + 208, — nag+ nd - aa;- nd| +nay + aay| }].
>Jay. + anay| 2] [|z] - | a1 + ana,| " {a,., + ona, - 2a,,
-a(n-1a,.; + 2a,, +a(n-1)a,; -3a,;-0(n-2)a,, +...
+(n-m-1)a,:; + a(m+2)ay, - (n-m)ay, - o(m+1)a,.
+(n-m)a,, + o(m+1)ays; - (n-m+1)a,,; - ama,,
+(n-m+1)a,.; + oma, - (n-m+2)a,, - a(m-1)a,; + ...
+(n-2)a, + 30a; - (n-1)a; - 20a, + (n-1)a; + 204, - nay+2nd - aa; +na, + oa;}].
>Jay. + omay| [/ [|z | - @y + onay| " {a,., + ona,+2nd }].
>0 if|z|>| a,, + ana,|" {a,; + ana,+2nd }
This shows that if |z|> 1 then Q(z) > 0 if |z | >| a,., + ana,|" {a,.; + ana,+2nd } .
Hence all the zeros of Q(z) with |z[>1 lie in
|z| <| ap.1 + ona,|” {a,, + ona,+2nd }

But those zeros of Q(z) whose modulus is less than or equal to 1, already satisfy the above inequality since all the zeros of
D,P(z) are also the zeros of Q(z) as they lie in the circle defined by the above inequality and this completes the proof.

Proof of theorem2:

LetP(z) =ag+az+ a2 +...... + a,z" be a polynomial of degree n.
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Then the polar derivative of P(z) is given by D,P(z) = n P(z) + (a-z) P’(z). Then
D.P(z) = [nay + 0a,] + [(n-1)a; + 20@,] z + [(n-2)a, + 30a3]2> + ...
+ [(n-m+1)ay.; + amay, 2™ + [(n-m)ay, ta(m+1)an. 12" + [(n-m-1)am.; ta(m+2)an]z™" + ......
+ [2an, +a(n-1)a,]2"2 + [a, + ona,]z™".
Now consider the polynomial Q(z) = (1-z) D,P(z) so that
Q(z) = -[ a,.; + ona,]z" + [, + ana, - 2a,, - ot(n—l)an_l]zn'1 +....
+ [(n-m-1)ag; + a(m+2)am.s - (n-m)ay, - o(m+1)ay.;]z™"
+ [(n-m)a,, + a(m+1)ay.; - (n-m+1)a,, | - ama,, ]z"
+ [(n-m+1)ay.; + amay, — (n-m+2)a, — a(m-1)an 2™ + ...
+ [(n-2)a, + 30a; — (n-1)a; - 2aa,]z> + [(n-1)a; + 208, — nag - aa; ]z + [nag + aa;].
Q) =-a + oman][z]z“'1 +[a, + ana, -2a,, - oc(n-l)'cln_l]zn'1 + ...
m+1

+ [(n'm'l)amﬂ + a(m+2)am+2 - (n'm)am - a(m+l)a1n+1]z

+ [(n'm)am + a(m+l)am+l - (n'm+1)a1n-1 - mapy, ]Zm

+ [(n-m+1)ay, + amay, — (1-mt+2)ay — a(m-1)ay. 2™

.
+[(n-2)a; + 3aa; — (n-D)a; - 2a2,]2° + [(n-1)a; + 20, — nay - 0y |z + [nag + o).
Now if |z>1 then |z|i'“< 1fori=1,2,3,....n-1
Further
1Q(2)| > |ag.; + onay||z [|2]™" - {Jan; + ana, - 2a,, - a(n-1ay.| [z
+.. | (n-meDags + o(m+2)ams - (n-m)ay, - a(m+1)ag | 2™
+/(n-m)ay, + a(m+1)ag - (n-m+1)a,, - ama, || z|™
+(n-m+1)ap,, + amay, — (n-m+2)ay, — a(m-1)ay,.| |z[™"
+/(n-2)a, + 3aa; — ( n-1)a; - 20| |z|* +|(n-1)a; + 20, — nay - oay| |z| +nay + oa;|}.
> |a,.; + anay| |Z|“'1[|z |-|an + oman|'1 {|an. + ona, - 2a,,-o(n-1)a,,|
+ a,, + a(n-1)ay -3a,5-0(n-2)a,,| [z +. ..
H(n-m-1)ap; + o(m+2)ams - (n-m)ay, - o(mt1)ag,| |22
+(n-m)ay, + a(m+1)ay: - (n-m+1)a,, | - amay, || z| "™
H(n-m+1)ay,; + amay, — (n-m+2)ap, — o(m-1)ag| [z["™ + ...
+(n-2)a, + 3aas — (n-1)a; - 20a,| [z ™ +|(n-1)a; + 2aa,— nay - aay| [z ™ +nag + oa,| |2/ }].
>lay; + anay| 2" '[|z | - | ap + anay " {|a,.; + ana, - 2a,, -o(n-1)a,.|

+2a,, + a(n-1)a,.q -3a,3-0(n-2)a,o| + . . .

+(n-m-1)ay; + a(m+2)ayn, - (n-m)ay, - a(m+1)a,.|
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+|(n-m)a, + a(m+1)ayy; - (n-m+1)a,, | - amay, |
+(n-m+1)a,, | + ama,, — (n-m+2)a,,, — a(m-1)a, | + ...
+|(n-2)a, + 3aa; — (n-1)a; - 20a,| + |[(n-1)a; + 20a, — nagtnd - aa;- nd| +nay + aay| }].
>[an; + ana,| 2" [z | - | ans + ona,|" {2, + ona, - 2a,;-a(n-1)a,; +2a,, +a(n-1a,; -3a,3 -0(n-2)a,,
+...+(n-m-1)ay, ta(m+2)ay, -(n-m)ay, - a(m+1)a,.
+(n-m)ay, + a(m+1)ay: - (n-m+1)a, ; - amay,
+(n-m+1)a,.; + ama,, - (n-m+2)a,,, - a(m-1)a,.; + ...
+(n-2)a, + 30a; - (n-1)a; - 20a, + (n-1)a; + 204, - nag -0a,+2nd +nay + aa,|}].
2fan 1 + anay| |2 [z | - | a1 + ana,|" {a + ana, -nag - 0a; +208 + nay + aayl}].
>0 if |z |>]ay + anan|'1{an_1 + ana, - na, - 0a; +2nd + jnag + aay|}
This shows that if
|z |>]an + ocnan|'1 {an.; + ana, ) - nap - aa; +2nd +|na, + oa;|} then Q(z)>0.
Hence all the zeros of Q(z) with |z[>1 lie in
|z|<|an + anan|'1{an_1 + ana, - nay - aa; +2nd + [nay + aayl} .

But those zeros of Q(z) whose modulus is less than or equal to 1, already satisfy the above inequality since all the zeros of
D,P(z) are also the zeros of Q(z) as they lie in the circle defined by the above inequality and this completes the proof.

Proof of theorem3:
LetP(z) =ag+az+ a2 +...... + a,z" be a polynomial of degree n.
Then the polar derivative of P(z) is given by DyP(z) =n P(z) + (a-z) P’(z). Then

D,P(z) = [nay + 0a,] + [(n-1)a; + 20@,] z + [(n-2)a, + 30a3]2" + ...

+ [(n'm+1)am-l + amap, ]Zm-l + [(n'm)am +a(m+1)am+l ]Zm + [(n'm_l)a1n+l -i_a(n’l—"_z)am-ﬁ-2]ZmJrl T + [2an-2 +a(n_1)an-l]zn>2 + [an-l +
ana,]z"".
As o= -a, i/ na,=-2a,,/(n-1)a,=.....=-(n-m-1)a,/(m+2)a,, # -(n-m)a,,/ (m+1)a,

D.P(2) =[(n-m)a,, +a(m+1)an.; ]2™+ [(n-m+1)ay,.; + amay, ]2™'+... +[(n-1)a, + 2aa,] z + [nay + aa;].
Now consider the polynomial Q(z) = (1-z) D,P(z) so that
Q(Z) = _[(n_m)am + a(m—‘rl)am*-l]znﬁl + [(n'm)am + a(m—‘rl)amﬂ - (n'm+1)a1n-l

ol

- amay, ]z" + [(n-m+1)ay,., + ema,, — (n-m+2)a,,., — a(m-1)a,,. ]z
+[(n-2)a, + 30a; — (n-1)a; - 2(132]22 +[(n-1)a; + 204, — nag - aa; |z + [nag + aa,].
Now if [z>1 then |z|™< 1 fori=1,2,3, ....m-1
Further,

Q)| 2 [(n-m)ap, + a(m+Dagz/™" - {|(n-m)ay + a(m+1)an. - (n-m+1)ap., - amay, ||z

+ [(n-m+1)ay,.; + omay, — (n-m+2)ay-a(m-1ay| [z|™" + ...
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+|(n-2)a, + 3aa; — (n-1)a; - 20@,| [z]* + [(n-1)a; + 20@, -nay - aa; | |z Hna, + oay.
> |(n-m)ay, + a(m+1)ap||z|™ [jz| -|(n-m)ay, + a(m+1)ay|"
{|{(n-m)a,, + a(m+1)ay:i- (n-m+1)a,,; - amay, |+...
+/(n-2)a, + 3aa; — (n-1)a, - 20a,| [z] ™2
+|(n-1)a; + 20a, -nag - o [z [ +nay + aayl|z™}].
> |(n-m)a, + a(m+ Dag 2™ [J2] -(n-m)ay, + o(m+ap.[”
{|{(n-m)a,, + a(m+1)ay:i- (n-m+1)a,,; - amay, |+...
+|(n-2)a, + 30a; — (n-1)a; - 2aa,|
+|(n-1)a; + 20a,—na. nd - aa,;-nd [+nay + aay|}].
> |(n-m)an + o(m+ Dag 12 [z
“|(n-m)a, + ot Dag " {(n-m)ay, + a(m+1)ap:
-(n-m+1)a,,; - omay, +... +(n-2)a, + 3aa; - (n-1)a; - 2aa,
+(n-1)a; + 2aa, -nay - aa;+2nd+nay + aay|}].
> |(n-m)an + o(m Dag 12" [z
-|(n-m)a,, + oc(m+1)am+1|'1 {(n-m)a,, + a(m+1)a,.; -nag - aa;+2nd+nay + aa;|}].
>0 if |z | > |(n-m)ay, + a(m+Dag |’ { (n-m)ay, + o(m+1)an:— nag-aa; +2nd +na, + aa,|}.
This shows that if
|z | > |[(n-m)ap, + a(m+Dag " { (n-m)ay, +a(m+1)an:, -na, - oa+2nd +jnag + oa, |}.
then Q(z) > 0.
Hence all the zeros of Q(z) with |z[>1 lie in
|z | >|(n-m)a,, + (;t(m+1)am+1|'1 { (n-m)a,, + a(m+1)ay. -nag -aa;+2nd +nay + oa,|}.

But those zeros of Q(z) whose modulus is less than or equal to 1, already satisfy the above inequality since all the zeros of D,P(z)
are also the zeros of Q(z) as they lie in the circle defined by the above inequality and this completes the proof.
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