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INTRODUCTION

The theory of semigroups had essentially two origins. One was
an attempt to generalize both group theory and ring theory to
the algebraic system consisting of a single associated operation
which from the group theoretical point of view omits the
axioms of the existence of the identities and inverses and from
the ring theoretical point of view omits the additive structure of
the ring. Semirings are used for modeling social network
analysis, Economics, queuing theory, computation of bio-
polymers, penalty theory in artificial intelligence, computation
theory, modern control theory of psychological phenomenon.
Semirings are used for physical theory on cognitive processes.
S.Gosh studied the class of idempotent semiring. He revealed
that S is distributive lattice if S is an idempotent commutative
semiring satisfying the absorption equality a + ax = a for all a,
x in S. This paper is concerned with structures of Absorption
semiring. In first section, structures of Absorption semiring are
given. In last section, we also introduce the notion of Right
regular semiring as a generalization of regular semiring. Sen,
Ghosh & Mukhopadhyay studied the congruences on inverse
semirings with the commutative additive reduct and Maity
improved this to the regular semirings with the set of all
additive idempotents a bi-semilattice. The study of regular
semigroups has yielded many interesting results.
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These results have applications in other branches of algebra
and analysis. We will see the interrelations between different
semirings. We characterize zerosumfree semiring.  A semiring
S is a Right regular semiring, if S satisfies the identity  a + xa
+ a = a  for all a, x in S.

PRELIMINARIES

Definition 2.1:

A semiring S is Absorption if it satisfies the condition a + ax =
a for all a, x in S.

Definition 2.2:

A semiring S is Positive Rational Domain (PRD) if (S, •) is an
abelian group.

Definition 2.3:

A semigroup (S, +) is left (right) singular if it satisfies the
identity a + x = a (a + x = x) for all a, x in S.

Definition 2.4:

A semigroup (S, +) is lateral zero if axc = x.

Definition 2.5:

A semigroup (S, +) is a band if a + a = a for all a in S.
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Definition 2.6:

A semigroup (S, •) is left (right) singular if it satisfies the
identity ax = a  (ax = x) for all a, x in S.

Definition 2.7:

A semiring S is zero-square if a2 = 0, for all a in S. Here zero is
multiplicative zero.

Definition 2.8:

A semiring S is zerosumfree if a + a = 0, for all a in S. Here
zero is an additive identity.

2.A Study on Absorption Semiring:

Theorem 3.1: Assume that S is an Absorption semiring and
PRD. Then

 (S, +) is a band.
 1 is additively rectangular element.

Proof: (i) Since S is an Absorption semiring and PRD  a + aa-1

= a for all a, a-1 in S

Again S is PRD this implies a + 1 = a  (1)

Which implies a2 + a = a2

 a + a2 + a = a + a2

 a + a = a for all a in S
Therefore (S, +) is a band
(ii) Given that a + a.a = a for all a in S
 a (1 + a) = a.1
 1 + a = 1
 1 + a + 1 = 1

Thus 1 is additively rectangular element

Theorem 3.2: If S is an Absorption semiring, (S, +) and (S, •)
are left cancellative, then (S, +) is right singular semigroup.

Proof: By hypothesis S is an Absorption semiring then a + ax
= a

Which implies a + ax + a2 = a + a2

Using (S, +) left cancellation law in above we get ax + a2 = a2

 a (x + a)  = a.a
Using (S, •) left cancellation law in above we obtain x + a = a

Therefore x + a = a for all a, x in S

Hence (S, +) is right singular semigroup

Theorem 3.3: If S is an Absorption semiring and (S, +) is
lateral zero, then for every three elements a, b, c in S, an cn-1 +
b = an cn-1 for all n ≥ 1.

Proof: Given S is an Absorption semiring then a + ab = a for
all a, b in S
 ac + abc = ac
Since (S, +) is lateral zero abc = b then above equation implies

ac + b = ac
 a + ac + b = a + ac
 a + b = a
 ac + bc = ac
 a2c + abc = a2c
 a2c + b = a2c  (1)
 a3c2 + abc = a3c2

 a3c2 + b = a3c2  (2)

Continuing in a similar manner as above we get an cn-1 + b = an

cn-1

A Study on Right regular semiring

Proposition 4.1: Let S be a semiring in which (S, +) is a band
and (S, •) is right singular semigroup. Then S is a Right regular
semiring.

Proof: Assume that (S, +) is a band then a + a = a for all a
in S

By hypothesis (S, •) is a right singular semigroup, xa = a for all
a, x in S
 a + xa = a + a
 a + xa = a
 a + xa + a = a + a
 a + xa + a = a

Thus S is Right regular semiring

Proposition 4.2: Suppose S is a zerosumfree semiring
containing the additive identity zero. Then S is a Right regular
semiring if and only if xa = a for all a, x in S.

Proof: By hypothesis S is a zerosumfree semiring a + a = 0 for
all a in S

Since S is Right regular semiring, a + xa + a = a for all a, x
in S

 a + xa + a + a = a + a a + xa + 0 = 0
 a + a + xa = a + 0
 0 + xa = a
 xa = a

To prove the converse part let us consider xa = a

Adding a to both sides of above equation we get a + xa = a + a
 a + xa = 0
 a + xa + a = 0 + a
 a + xa + a = a

Therefore a + xa + a = a for all a, x in S

Hence S is a Right regular semiring

Theorem 4.3: If S is a Right regular semiring, (S, •) is left
permutable and band, then  a + ax + a = a for all a, x in S.

Proof: By hypothesis S is Right regular then a + a2 + a = a for
all a in S

 a2 + axa + a2 = a2
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Since (S, •) is left permutable a (xa) = a (ax) for all a, x in S
and also (S, •) is band, a2 = a then above equation becomes
a + a (ax) + a = a
 a + a2x + a = a
 a + ax + a = a

Therefore a + ax + a = a for all a, x in S

Theorem 4.4: If S is a zero-square and a Right regular
semiring. Here 0 is an additive identity, then

 axa = 0 for all a, x in S.
 (S, +) is a band.

Proof: (i) By hypothesis S is Right regular semiring then a +
xa + a = a

 a (a + xa + a) = a.a
 a2 + axa + a2 = a2

Using the definition of zero-square semiring, a2 = 0 in above
we get

0 + axa + 0 = 0
 axa = 0

Therefore axa = 0 for all a, x in S

By hypothesis we have a + xa + a = a for all a, x in S
 a + a2 + a = a for all a in S
 a + 0 + a = a
 a + a = a for all a in S
Therefore (S, +) is a band

Example 4.5: A semiring S = {0, a, x} with addition and S2 =
{0} is given as follows.
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