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INTRODUCTION

Matrices provide a very powerful tool for dealing with linear models. Bimatrices are an advanced tool which can handle over one
linear model out a time. Bimatrices will be useful when time bound comparisons are needed in the analysis of the model.
(Vasanthakandasamy, 2005). Unlikebimatrices can be of several types. We have to combine the properties of bimatrices and con.
S-k-normal matrices. The concept of con. S-k-normal bimatrices are introduced (Elumalai and Manikandan). Equivalent conditions
on normal matrices are given (David w. Lewis 1991). In this paper our attention is to define con. S-k-normal bimatrices. Also we
prove some results on con. S-k-normal matrices.

Preliminaries and Notations

First we wish to mention that when we have a collection of mxnbimatrices say My then Mg need not be even closed with respect to
addition. Further we make a definition mxnzero bimatrix. Thus we make the following special type of concession in case of zero
and unit mxmbimatrices. Appropriate changes are made in case of zero mxnbimatrix. LetC,,, be the space of mxn complex
matrices through out, let ‘K’ be fixed product of disjoint transposition in S, the set of all permutation on {1,2,3....n} (hence
involuntory) and ‘K’ be the associated permutation matrix and V is the permutation matrix with units in the secondarydiagonal
clearly ‘k’ and “V’ Satisfies the following properties.

R~ Kf=K§=K5=R§:K3=1y
Vo=V =Vi=V;=V§=VyiV
Some of the properties
1.Ap(BpCp)=(ApBp)Cp=ApBp (s

(le)lf AB:Al UﬂAZBB:Bl U BZ al’ld
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Cg=C, UC,

Clearly

Ap(BpCp) = Ap(B1C1 U B, ()

=A,(B,C1) U A5(B,C3)

Ap(BpCp)=(ApBp)Cp=ApBpCp

2. Further bimatrix multiplication satisfies the distributive law for if

Ag=A; U A,, Bg=B; U B, and

Cg = C; U Cy; then

Ap(Bp + Cp)=Ap((B1 (1)U (B, + (7))

=A,(B; + C;) UA,(B, + C3)

=A,B,+A,C, U(A,B,+A,C,)
=(A,B; U A,B,)*+(A1A,C, U Cy)
=ApBp + AgCy

bimatrix multiplication is also distributive

Definitions and Theorems

Definition:1

A bimatrix Apis defined as the union of two rectangular array of numbers A,and A,arranged intorows and columns. It is written as
follows Ag=A; U 4,

whereA;#A,with
-1 1 1
a11 a12 e owen aln
1 1 1
asq. A22. ven vun Aon.
Al_ : : :
1 1 1
Lam1 Amz "+ Amn
r 2 2 2
a11 a12 e owen aln
2 2 2
as1. A22. ven vun Aon.
Az_ : : :
2 2 2
Lam1 Amz "+ Amn

‘U’ the notational convenience (symbol) only.

Definition:2

A bimatrix AgEC,yy, is said to be con.s-k-hermitianbimatrix if KpVpAg VeKp=Ap
(KiViA; ViKUK, VoA, VoKo)=(4,UA)

Definition:3

A bimatrix AgEC,, is said to be con. K-normal (s-k normal )bimatrix if

Ap(KsVaAp VeKp)=(K5V5ApVsKp)As (AK VA,V IKDU(AK, VA, VoK) =(K Vi ATV Ki Ay) UK, VALV, KR A)

Definition:4

A bimatrix Ag€C,x, is said to be con.s-k-unitary if AB(KBVBAB*VBKB):(KBVBAEVBKB)AB:I;
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(A1 KL VAT Ky) U(AK, VLA VoK)=(K VATV K A UKV, A V0 K5 A)
:I_IUI_Z
Definition:5

Sum of con. S-k-normal bimatrices.

(AB + CB)(KBVB(AB + CB)*VBKB):(KBVB(AB + CB)*VBKB)VBKB

Where D ; =Ap+Cp

Dp(KpVeDp*VeKp)=(KpVpDgVKpVpKp) Dp

(AHCIUAFC(K V(A +C VKD UK VoA +C)VaK)

(KiVi(A+COVIKG VKD UK Va(A o) VoK VaKo) (A +CUASC)

Some of the Theorems

In this section to satisfies the some of the property and also satisfies equaivalent conditions of the con. Sk-normal bimatrices.

Theorem-1

Let Ag bethe con.s-k-normal bimatrices if KpVzAzApVpKp and(KzVsCsCiVsKg) be two con s-k normal mxnbimatrices
then KBVBABA*BVBKB + (KBVBCBCB*VBKB) = ABAB*J'_CBCB*

ifand only if A;+C; # 4, + C,
Proof

Suppose that let Ag=A;UA; and Cg=C,UC, be two mxn bimatrices if
KpVp (ABVBKB)A*B + (KgVpCpVpKp)Cp=ApAp + CpCp

KyVs(ApAj + CpC3)VKp = ApAy + CpCj

(K1UKS)(V1UV)((A1UAL)(A#UA,*)+H(CUC,)(C*UC*)(V,UV,)(K UKS))

K VI(AA;4C,Co*) VK )UK, Va(Ar A *+CoCo*) VoKo=(4, A5 + C,C) U
(4245 +C.C3)

Hence Ag+Cy be con.s-k- normal bimatrix on the other hand. Ag+Cg be the two con.s-k-normal bimatrix clearly
(KgVeApAp*VeKp)+(KgVsCsCs*VpKg) is also a con.s-k normal bimatrix.

Theorem-2

Let Agbethecon.s-k-normal bimatrices if KpVzAgAzVpKp and (KgVCgCiVpKp) be two con s-k normal mxnbimatrices
then KpVgApAsVgKy — (KgVgCpCs VgKyp) = AgAp -CpCy’ if and only if

Al _Cl i Az - CZ
Proof

Suppose that let Ag=A;UA, and Cg=C,UC, be two mxn bimatrices if
KV (AgVpKp)Ap — (KpVpCpVpKp)Cp=AgAp — CpCp

KpVg (ABA*B - CBCE)VBKB = ABA*B - CBCE
(K UK)(VIUV)((ATVA)(A*UA*)-(CLUC)(CrFUC*)(VIUV,)(K UKY))
KiVI(AIA*=C, 0 VIK )KL Vo (A A ¥ —C,Co ) VoKo=(4, 47 — C,C7) U

(A24; — G03)
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Hence Ap-Cg be con.s-k- normal bimatrix on the other hand. Ap-Cp be the two con.s-k-normal bimatrix clearly
(KgVpApAp*VpKp)-(KgVp CgCp*VgKp) is also a con.s-k normal bimatrix.

Theorem-3
The s-knormal bimatrices are con. S-k normalbimatrices is also a unitarybimatrices.
Proof

We know that.

Ap(KgVpAp*VgKp)=(KpVgApVp KB)AB:I_B

(A1U A2)(K UKL (VIUVL)(A*UA ) (VU VL)(K UKL= (K U Ky) (V) U VR) (AT U AV U VL) (K U KR) (A U Ap)

(AKIVIA*VIKY) U(AK VLA * VoK)= (K Vi ATViK Ay U (K VA5V K,A,) = L U T

Hence the k-normal bimatrices are con. S-k- normal Bimatrices it is also unitary bimatrices.
Hence proved.

Theorem-4

The s-k normal bimatrices are con.s-k normalbimatrices.

Proof

We know that,

Hence

Ap(KgVeAp*VeKg)=(KpVpAzVpKp)Ap

(AU A2) (K UK)(VIUV)(AFUA*)(V UV (K UKL= (K U KR) (V) U V) (AT U AS)(V U V) (K U KG) (A U Ay)

(AIK VIAT*VIK)) U (A K Vo AY*VLK)= (K VATV K A U (KR V2 A5V2 KR AL)
Hence the k- normal bimatrices are con. S-k normal bimatrices.

Hence proved.

Example-2

The con.s-k-normal bimatrix.

Ap(KgVpAp*VKp)=(Kp VBA*B VgKg)Ap

(AU A3)(KGUK)(VIUV)(AFUA*)(V UV (K UKL= (K U KR) (V) U V) (AT U AS)(V U V) (K U KR) (A U Ay)

(AK VA *VIK) U (AK VoA 2 VoK)= (K V1 ATVIK A U (KR VA5V, K5 A5)

(AIK V1A RV K)) U(AK VoA *VoK)=(K VALV K Ay U (R Vo AGV, K A)
O H [ [ [ [ [
D6 DG D)
DG D)
G 1

Similarly
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1 0
(A2K2V2A2*V2K):(O 1)

1 0 1 0
(AIK VA *VK)) U(A2K2V2A2*V2K):(0 1) u (0 1)

wravka( )G )G DG )6 DG oG 6 DE )

Similarly

———— (1 0
((K2V2A2V2K2A2):(0 1)

: = 1 0 1 0
(K;V1A1V1K Ap) U (K2V2A2K2A2)=(0 1) u (0 1)

(ALK VA *VIKY) U(AK VARV K)=(K VATV K Ag) U (KR VR A5V, K5 A)

(o Vv D6 DG D)

Equivalent Properties on con. secondary k- normal bimatrices

Theorem-5

Let Ag€ C,, if Agis secondary k- unitarily equivalent to a diagonal matrix then Ag is secondary k- normal.
Proof-

Let Ag€C,y, if Ais secondary k- unitarily equivalent to a diagonal bimatrixDg.then there exist an secondary k-unitary
matrix Cg such that

(KpVeCp*VpKp)ApCp=Dg say
(KsVCr*VEKg)=CpSimilarlyAg®and Dg°
There fore

Ap=CpDpCg° Since Cg is s-k unitary

Now

ApAg°=CpDyCp” (CpDpC3”)°

= CpDpC3® CyD3® Cp°

=CpDpD3” Cg°

Since DpandDgare each diagonal DpDp%=Dg° Dy therefore
ApAg®= CyDpDpCp’

:CBDBGCBG (CBDBCBG)

ApAg®= Ap®Ay
AUAS(APUA%)=(A,°UA,%)(AUA,)
AAPUALA®=A°AUAPA,

Hence Agis con. S-k normal.
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Theorem-6

Let Gg, Ng€ C, be invertible if Bg= G Ny Gp where Gp is s-k hermitian and then Ny is s-k normal then Bg 1(KBVBB*BVBKB) .
It is similar to an s-k unitary bimatrix.

Proof

Let Gg Ng€ Cyyy be invertible if Bg=GgNp Gg then
B5"(KaVsB'5VeKa)=G ' N5 G5 KsVi(GeNyGa) VaKa

G5'N5 'G5 (KVsGs VKp) (KsVeNs VeKp) (KsVeGs VeKs)
G5 N5 'G5 Ga(KpVpNg VKp)Gp

Since Np is s-k normalNg 1(KBVBNB*VBKB) is s-k unitary
(N U Nz (K UK2)(VU V)N, UN (VU V)(K UK)

N7 'K VN, VK U Ny 2K, VN, VoK, s s-k unitary.
Theorem-7

Let Ag€E C,y,, assume that Ag=UpCp where Uy is s-k unitary and Cg is non- singular and s-k hermitian such that if Cp’
commutes with Up then thefollowing conditions are equivalent.

(i) Ag is s-k normal.

(ii) UgCp=CzUz

(iii)AgUg_UpAp

(iv)ApCr=CpAp
Proof
0s=0,0 U, (ii)-
If Agis s-k normal then
AB(KBVBAB*VBKB):(KBVBAB*VBKB)AB
Since Ap=UgCp
(UpCs)(KpVa(UpCp) VKp)=(KsV(UpCs) VKp)(UsCp)
UpCsKpVsCs Up VeKp=K5VCp Ug VeKpUpCp
UsCsKgVeCs VeKsKsViUs ViKs=KsViCr VeKeKsVeUs VeKpUpKs
UgCpCpUgz 1=CgUz1UgCy
UpCp=CgUp
Conversely if
UpCp=CgUp
Then

KBVB(UBCB)*VBKB:KBVB(CBUB)*VBKB

Now

An(KpVsAs V5Kg) ~(UsCy)(K5Vi(UsCs) VKg)
:(UBCB)(KBYB(CBUB) VBKg)
=UpgKpVpC VeKpKsVpUp VeKgCp
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Since Cpg is s-k hermitian
=Up(KsVUs VsKp)K5VECh ViKsC
:(KBVBUB*VBKB)UBCBCB
Since Cgis s-k hermitian and s-k unitary.
:(KBVBUB*VBKB)CBUBCB
Since UgCg=CgUp
=(K5VsUs VeKp)(KsV5Cs ViKp)UsCy
=(K5V5(CsUp) V5Kp)(UpCr)
Ap(KpVpAg VeKg)=(KsVpAg VeKg)Ap
(A1UAL)(K UK,)(VIUV,)(A,'UA, ) (VIUV,)(K UKL= (K UKL (VIUV,)(A; UAL ) (VUV,)(K UK,)(AUA,)
(AIK VA, VIK) = (AK,V,A, VoK)

=AK A, 'VIK A UK VLA, VLKA,
Hence Agis s-k normal

(i) Ug=U,U U,(iii)

If Agis s-k normal then
AgUp=(UpCp)Up=Ug(CpUp)=Up(UpCs) by
(ii) Conversely if

ABUB:(UBCB) then

(UBCB)UlfUB(CBUB) .
(KgVUp VeKg)(UsCp)Up=((KgVsUs VeKg)Us)(UsCs)
UBCB:UBCB

(CU) U(CUR)=(U,Cy) U(U,Cy)

Therefore Agis s-k normal

(1) ﬁB:ﬁIU ﬁz(iV)-

If Agis s-k normal

AgCp=(UpCp)Cs=Cpg (UgCp)=CpAg
Conversely if

ApCp=CpAgp then (UpCp)Cp=Cpg (UgChg)
Post multiply by P~1,we have
UBCB:CBUB

(U UU,)(CLUCy)=(CUC,y)(UUUy)

(U,C)) U(UC)=(CiUy) U(CyU;y)  and so
Agis s-k normal.

Conclusion

Some of the characterization and properties of con. Secondary k-normal bimatrices can be verified.
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