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INTRODUCTION

Two regular metrics are called projectively related if there is a diffeomorphism between them such that the pull back metric is
point wise projective to another one. In Riemannian geometry, two Riemannian metrics ¢ and @ on a manifold M are projectively

related if and only if their spray coefficients have the relation Gi=Cp+h 1'"', where £ = P(¥) is a scalar function on M and

— ank = ¢
Fo =Px¥" 1 Finsler geometry, two Finsler metrics £ and £ on a manifold ™ are called projectively related if ¢' = &'+ Py',

where G'and G' are the geodesic coefficients of Fand F , respectively and P = P(x.¥) is a scalar function on the tangent

bundle 7o . In this case, any geodesic of the first is also geodesic for the second and vice versa. The projective change between
two Finsler spaces have been studied by (Bacso, 1994; Feng Mu and Xinyue Cheng, 2012; Narasimhamurthy, 2014;
Narasimhamurthy, 2012; Tayebi, 2013; Zohrehvand, 2011). In order to find explicit examples of projectively related Finsler

metrics, we consider (& £)-metrics. (er. B)_metrics form a special and very important class of Finsler metrics which can be
g

expressed in the form = @@ <=7 where € is a Riemannian metric and £ is a I-form and ¥ is a £~ positive function on the

definite domain. In particular, when = , the Finsler metric © =% is called Kropina metric. Kropina metric was first introduced by
L Berwald in connection with two dimensional Finsler space with rectilinear extremal and was investigated by V. K. Kropina
(Kropina, 1952). They together with Randers metric are € _reducible (Matsumto, 1978). However, Randers metric are regular
Finsler metrics but Kropina metric are non-regular Finsler metrics. Kropina metric seem to be among the simplest nontrivial
Finsler metric with many interesting applications in physics, electron optics with a magnetic field, dissipative mechanics and
irreversible thermodynamics (Ingarden, 1987; Shibat, 1978).
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Also, they have interesting applications in relativistic field theory, evolution and developmental biology. By (Feng Mu, 2012), for
the projective equivalence between a general (@ 8)_metric and a Kropina metric, we have the following lemma:

g
F=ap(®
Lemma 1.1: Let 2 Lj be an (@, p }-metric on n-dimensional manifold (" = 3) satisfying that B is not parallel with
2l

a.db =0 everywhere (or) 5 _ constant and F is not of Randers type. Let ¥ be a Kropina metric on the manifold

respect to

M where &= Ada yng B=wx)B Then F i projectively equivalent to F ifand only if the following equations holds
[1+ (ky + ka5?)s® + kys®l@" = (hky + ka5 —59"),
Gi = Gk + 8y' — olk,a® + k.8°)0",

bi = 20[(1 + kybPay; + (ko b® + kg )biby],

Elj = ; (EI:S'_I i E;EL}

= =
F== .
7 are Douglas metrics.

F=cln+c:,ﬁ'+%: ;=0

o s 8
where @ = o (x) is a scalar function and Ky Kz and K3 are constants. In this case, both e U and

The purpose of this paper is to study the projective relation between an (a.8 )—metric
~ =?

and Kropina metric

B ? The main results of the paper are as follows.

e TR i . =z . . o ,
Theorem 1.1: Let F=ae*@f+Ti =0 he an (28). metric and =1 be a Kropina metric on an n-dimensional manifold
Mmz3)

@and @ are two Riemannian metrics, 5 and £ are two non zero collinear 1-forms. Then ¥ is projectively

where

F

equivalent to © if and only if they are Douglas metrics and the geodesic coefficients of aand & have the following relation,

G + 2% tb' = G + = (&°5" + 7pgB') + 6y,

=) o] -, | B iy = (e o g i ¥
where S T lfﬂ'“ and T = r(x) is scalar functionand & =& isa 1-formon M

By (Li, 2009) and (9), we obtain immediately from theorem 1.1, that

w9,

- £ o F=
TR T o Y be an (% F) _metric and

Band B

Proposition 1: Let
d Mnz3)

be a Kropina metric on an n-dimensional

aand & F

manifol where are two Riemannian metrics, are two non zero collinear 1-forms. Then is

projectively equivalent to Fifand only if the following equations holds,

Gi +2a°1b' = Ch + = (%5 + 7oob') + 6y, by =2e{(1+ fi] ay — () oiey)

(I'_j

|+

i
|
—

Sy =

(%

Where By denote the coefficient of the covariant derivatives of £ with respect to &

PRELIMINARIES

The terminology and notations are referred to (1), (7), (12). Let Fo = (M.F) be a Finsler space on a differential manifold M

endowed with a fundamental function ¥ **¥) We use the following notations:
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Yk = 38" (% 9rk + %8rj — O gjk)

6' = rjkyly*. 6f =86%, Gk = &6, Gl =Gk

The concept of (a. 8) “metric £(%5) was introduced in 1972 by M. Matsumoto and studied by many others. The Finsler space
F? = (M.F) is said to have an (%8 metric if ¥ is positively homogeneous function of degree one in two variables
a® = a;(x)y'y! and & = b (x)y!

change if any geodesic in (M.F) remains to be a geodesic in (M. %] and vice versa. We say that a Finsler metric is projectively
related to another Finsler metric if they have the same geodesic as point sets. In Riemannian geometry, two Riemannian metrics
aand &

F - F

. A change of a Finsler metric on a same underlying manifold M s called projective

are projectively related if and only if their spray coefficients have the relation (Narasimhamurthy, 2014),

Gl = GL+ Axy*y', 2.

A= A(x) 5 5 scalar function on the based manifold and (= 7] denotes the local coordinates in the tangent bundle En

Two Finsler metrics © @74 F on a manifold M are called projectively related if and only if their spray coefficients have the
relation (Narasimhamurthy, 2014),

where

G' = G' + P(y)y (2.2)

where £0) is a scalar function on ¥ \{% and homogeneous of degree one in 2. For a given Finsler metric £ = £ (¥:¥) the

geodesic of F satisfy the following ODE:

dig dx
2 — | =
a T 26 (x.dr) ] ’
where & = €'(%.¥) is called the geodesic coefficient, which is given by

R Je— 4
G] Iigll{EF"]:ﬂ}_ﬂ}'m — EF"]II}-

Let # = @ols), Isl < by, be a positive €= function satisfying the following

ols) — sp'(s) + (b2 - s2)p"(s) > 0 (sl < b < by). 2.3)
" ) 8
= lagyiyl . . , — ol . o YxeM then F= Jos==
If b is a Riemannian metric and B = by is 1-form satisfying B llz < By X o g K @ 18

called a regular (@ B)_metric. In this case, the fundamental form of the metric tensor induced by Fis positive definite. Let

VB = by;dx' @ dx’ a.

be covariant derivative of # with respect to

1 ; n
Denote L ¥ E(Ih” + D;:l} and 5y = E{h”,l - EIJ-”}.

— R P | . R [ ] S T
Note that & is closed if and only if =N (Shen, 2004). Let </ b'sije 8§ = @7Sije So'= SiY'. So = Sy ond v = 1Yy

G'of F

The relation between the geodesic coefficients and geodesic coefficients Ca of %is given by

G' = G} + aQsi + {-2Qas, + np HWH' + 84y}, (24)

where
o' —stpe” +e'e")
i ( )

T [lp-—sp )+ (b2 —s2)p" 1
2

W= — -
2 {lg-Sp+b3-s20p"]
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LF]

For a Kropina metric B, it is very easy to see that it is not a regular (% 5) metric but the relation
p(s) — s¢'(s) + (B* — 58" (5) = 0 is still true for Isl = 0.

In (Li et al., 2009), the authors characterized the (@ B)_metrics of Douglas type.

8
F=agpl(-
Lemma 2.2: Let i [ﬂ) be a regular (% ) _metric on an n-dimensional manifold *f (" = 3)_ Assume that # is not

parallel with respect to # and da #0 everywhere or b_ constant, and £ is not of Randers type. Then Flisa Douglas metric if

and only if the function ® = ?&) with @(0) = 1gatisfies the following

(14 Gy + ky5?)s? 4 kas?lp” = (ky + ka5 W@ — s@'), 2.5)

and B

satisfies
b = 20[(1 + kyb%)ay + (e 0% + kg Dbyby]
J (2.6)

where b* = ”ﬁ“é and 5 & (x) is a scalar function and ke kg ks are constants with {kl' ky) # (0.0).
For a Kropina metric, we have the following

F=% |
Lemma 2.3.(9): Let #  be Kropina metric on an n-dimensional manifold M. Then (i) (n = 3) Kropina metric F with

b #0 is Douglas metric if and only if

s = '-L',:E’(hfsi: - b_]::,-). (2.7)

(i) (™= 2) Kropina metric ¥ is a Douglas metric. Definition 2.1. (10): Let

1 ac™

al
. S— b — rt
D 35‘*‘5.1"‘6‘}'[(5 nyiaym> ) (2.8)

=ni.a i K ixl . .
where ¢ is the spray coefficients of F The tensor D= Dy Bdx" Qda’ Gdx is called the Douglas tensor. A Finsler

metric is called Douglas metric if the Douglas tensor vanishes. We know that the Douglas tensor is a projective invariant. Note
that the spray coefficients of a Riemannian metric are quadratic forms and one can see that the Douglas tensor vanishes from (2.8).
This shows that Douglas tensor is a non-Riemannian quantity. In the following, we use quantities with a bar to denote the

corresponding quantities of the metric F Now, first we compute the Douglas tensor of a general (2 B) metric.

Let

G' = G + aQsh + W{-2Qas, + e Jb', 2.9)
then (2.4) becomes

G =G + 01-20asy + 5o da~ 1y

Clearly, G and &' are projective equivalent according to (2.2), they have the same Douglas tensor.
Let
T' = aQsj+ W{-2Qasy + rpe Jb'. (2.10)

——— . -
Then & = Gz + T, thus Dyt = Dy
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al ( i L 36T g i it :)
_ Apiaykayt lIr':r"_r1+1.|il_'|.""‘} T n-.-!_él;"-"}

B i L™

3yl aykayt ( Tnetgym? ) (2.11)
To compute (2.11) explicitly, we use the following identities

Gk =& "W Sk = a‘:(bka—sy;.},

a i
where M = G5},

da
o,k ok
Hereafter, ¥ means #¥*. Then

[2Q sT)ym = @ 3@ sT + a™2Q [bpa® — Byulsi = Q'sy

and

[W(-2Qas; + rpg o™ ]ym = Wa™(b* — 5¥)lryy — 2QaS,] + 2 W[r, — Q' (b — 5%)sp — Qss,]

_ i R
where 7 = 27 @74 % = MY Thy from (2.10), we have

T = 0'sp+ Wa™t(b? — s%)rpe — 2Q as,] + 2¥1[r, — Q'(b? — 525, — Qssyl

) (2.12)
Let £ and F be two (@8 :’-metrics, we assume that they have the same Douglas tensor, i.e.
Df = Djy.
From (2.8) and (2.11), we have
ay/l :::“a.r' ( =Tt~ r_i-f (T;'E" - T:-,"“‘:'")}'f) =0
Then there exists a class of scalar function Hjx = Hj (), such that
Hip=T— T - (T~ T)y, (2.13)

Hio = Hfyly*. T and T)%

where ¥™ are given by (2.10) and (2.12) respectively.

Projective relation between two important classes of ( a.B) -Metrics

2 =2
F=ca+ef+s: =20 F=%

In this section, we find the projective relation between special metric (e E) _metric * and

a same underlying manifold M o dimension ™ =3

]

F=c1a+c:£+%: c; = 0. F

For an (% F)_metric one can prove (2.3) that © is a regular Finsler metric if and only if 1-form B

satisfies the condition Bl < 1 for any XE M.

The geodesic coefficients are given by (2.4) with

8= [e4es-ca8"-ast]
T 2leseaze st ey + 280 —302]

i

€3+
Q=25

Lg=

b

"l



70533 Pradeep Kumar et al. On two important classes of (a,fp)-metrics being projectively related

W= 1

T e 3.1
F=Z

For Kropina metric ¥ | the geodesic coefficient are given by (2.4) with
|
s s

= g

gd=— T

T=—

(3.2)

Now, we have the following theorem

g Pl
F=ga+cf+=—; =0 . . F= . . . .
= P ' "7 " be a special (@.6) . metric and # be a Kropina metric on an n-dimensional

and 8

Theorem 3.2: Let

dMnz3) aand o

manifol where are two Riemannian metrics, B are two non zero 1-forms. Then © and ¥ have the

same Douglas tensors if and only if they are Douglas metrics.

Proof: First, we prove the sufficient condition.

D

L !
Let ¥ and F be Douglas metrics and corresponding Douglas tensors be ~/ and D % Then by the definition of Douglas metric,

Dfy = Oand D

we have gt that is both ¥ and F have the same Douglas tensor.

Next, we prove the necessary condition.

1f £ and ¥ have the same Douglas tensor, then (2.13) holds. Plugging (3.1) and (3.2) into (2.13), we have

B L o e e ey e T L. L

1
Hoo = Jet+Rat Lt v Mat <N 2RE (3.3)
where
Al = c,e5(e, + 262 (e, +2067)st — 25,b'), B = 28c,(c, + 267 ){Cey + 267 )si — 250"} + cymp b’ — 2hyic, (ry + 55)]
Cl=—p%e, + 26° (e, + 20%)c, + B)c,sh + 28%c, (4ey + 2b% )5 b' + 128 ¢, 6,07 s,y
D'= —28%(7¢c, + 2b%) s} + 48°(4c, +2b%)s,b' — B3¢, (20,02 + 4;,b° + 3 Iy b’ — 68b° cirgedy' +

2p%c, (3c, + 4% )rhy! + 2P, (5c, + 160725y
E' = 38%[{3Bc, + 28(cy + 26%)}sh — 2550 — 2(c; + 2b%)s,0y'),
Fi = 685((5¢, + 4b%)s} — 25,0} + poe.le, (e + 6) + 2e:6% o b + 68%¢, (e + 268 dy! — 128% ¢, rpdy
— 2p*(25¢, + 14b%)
G' = 38%c,{-38s) + 4hs,y}
Hi= —188"st —38%3 nypb' — 68°(2c, + b )mpdy’ — 12P%s,hy! ' = 68 mp Ay,

and

] = cile, + 267)% K = —28%,(c, + 2b°)(dey + 2b%), L = B*{(cy + 267)(20° — 11¢,) + 9ci) M = —68°%(4c, + 2b%),
N =9gt

and

Al = P&t - big,,

Bi = gl2ay' Gy +35,) — BiFgg).
Further, (3.3) is equivalent to

(Aa®+Ba®+ Cla’+ D'a® + Ela® + Fla* +G'a® + Hia? + IN(2F5°F) + (A'a* + B x
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(Ja®+ Ka® + La* + Ma® + N) = Hi,(25°F)(Ja® + Ka® + La* + Ma® + N)

_ _ (3.4
Replacing ") by (=7 in (3.4) yields
(—Aiﬂg-i- B:as_ C[ﬂ': 4 DIEE _ E]-ﬂ'.5+ Fi'a-l_ Gia':l _i_H['a.Z i fl}(—EE:Ej— [‘;1&24._ Ei':]
x (Ja® + Ka® + La* + Ma® + N) = —Hl,(Ja® + Ka® + La* + Ma® + N)(25%§) 35)
Adding (3.4) and (3.5), we get
(Ala®+ Cla” + E'a® + G'a®)(25° ) =0
Above equation reduces to
Aa®+C'a’+Ea®+6a®=0 (3.6)
Therefore we conclude that (3.3) is equivalent to
yi E‘n‘-ﬂ-ﬂ‘a" Pt eaiats girtagl
00:= _,a*-rm:‘ww*-rnmwr. 25F 3.7)
Equation (3.7) is equivalent to
Bia® 4+ Dia® 4 Fla* + Hla? + I(2528) + A'a? + By x
(Ja®+ Ka® + La* + Ma® + N) = H (252 8)(Ja® + Ka® + La® + Ma® + N) (3.8)

From the equation (3.8), we can see that A'a? *(Ja® +Ka® + La* + Ma® + N) can be d1V1ded by ﬂ Smce B=ub , then
A@Ja® 4 be divided by 8 Because B is prime with respect to & &4 & therefore A= B35~ b5'% a0 be divided by £.

Hence there is a scalar function i) such that

=g S = s
Contracting (3.9) by Yi =85 e get Wit = EI'Thus we have

5y =5 (5.5 - §;5) (3.10)
F : L — . E‘ ] B -
Thus, by lemma 2.3, Fis a Douglas metric. i.e. both F=aetaft g a*l
F== ,
and # Douglas metrics.
= ~

If = 2, F is a Douglas metric by lemma 2.3. Thus Fand F yave the same Douglas tensors means that they are Douglas
metrics.

Hence the proof.
Now we prove the following main theorem
E}

“metric and © = 7 be a Kropina metric on an n-dimensional
. Band § F

g
F=cqat+cf+ i ;#0 ~1{|:r.,ﬂJ

Theorem 3.3: Let be a specia

manifold M (% Z3) where ® @78 & ape two Riemannian metric are two non-zero 1-forms. Then * is projectively

equivalent to F ifand only if Douglas metrics and geodesic coefficients of & and @ pave the following relation:
Gi+ 2a’thl = G} + (& 5+ 7y BY) + 8yl

i — fj i — =iiE. F2 = NA1I° — gy
b' =a'lb;, b' =a%5.b ||,!§-’1]fr and T = 1(x) 49=8 ol formon M.

where is scalar function an
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Proof:

First we prove the necessary condition.

F F

it Fis projectively related to* , then they have the same Douglas tensor. By theorem 3.2, we know that © and Fare Douglas

(a.8) -

F=clu+c:ﬁ+%: =0

metrics. By (6), we know that metric

by, =2t {(1 + Ti] o | (.;l) br"’i}

is a Douglas metric if and only if

(3.11)

T =

where (%) is a scalar function on . In this case, B is closed. Plugging (3.11) and (3.1) into (2.4) yields

1 2 _ g%
(A & ey fg=Fpaf =af i 24
G'=06, + {—c,nf’*-:;uf&—s; }T} + 2ta“h

(3.12)

On the other hand , plugging (3.10) and (3.2) into (2.4), we have

:{_E:§[+ {25_9}“ = FI:GEE] +2 z:

(3.13)

By the projective equivalence of © and ¥ | then there is a scalar function © = £ &30 on TMMOJ guch that
G'=6"+Py (3.14)
By (3.12), (3.13) and (3.14), we have

[F i {e’ T -4.91} - ;(5:- + r:::.?

cyei+ozaf+5°

)]1 = Gl - GL + 2a%1h’ - T (@25 + FigB’) 6.15)

Note that right hand side of (3.15) is quadratic in®. Then there exist a I1-form F=8Y0on M guch that

p-{fasaaftef), Lo fl)_g

cyai+ogaf+ Bt B2 g

Thus we have

G +2a% ' = Gf + 5 (@%5' + 7oB") + 6y

(3.16)
This completes the proof of necessity.

Conversely from (3.12), (3.13) and (3.16), we have

Thus £ is projectively equivalent to E
Hence the proof.

From the above theorem, (3.2) and (3.3), we have the following corollary;

g g2
= ~ —_— ] F —_— . . . . .
ESotopt a: ¢ and ¥ be two (“'-‘g J-metrics on an n-dimensional manifold ™ with

are two Riemannian metrics, Band B are two non zero collinear 1-forms. Then © is

Corrollary 3.1: Let

n=3

dimension ™ =3+ where @and @

projectively related to Fif and only if the following are holds true,

Gi + 2a?1b' = G + — (@%5' + 7pb') + By

5y ==(5:5—-b;5)

-
B
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by =2t {(1 f%) o — (i} EJLE:J.}.

by . . o .
where " denote the coeeficient of the covariant derivatives of £ with respect to &
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