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INTRODUCTION

In this article, all rings are a commutative principal ideal ring with unity. Let S be a nonempty set of positive integers and let G5 be
the graph whose vertices are the element of S. Two distinct vertices a, b are adjacent if and only if a|b or b|a. A graph G is called
a divisor graph if there is a set of positive integers S such that G = Gs. For S = {1,2,...,n}, the length of longest path in Gs is
studied in 9,11,12. In a directed graph G, a vertex is called a receiver if its out-degree is zero and its in-degree is positive. A
transmitter is a vertex having positive out-d egree and zero in-degree. A vertex t with a positive in-degree and a positive out-
degree is transitive if whenever u = t and t — v are edges in G, then t — v is an edge in G. In 8, divisor graph are investigated.
Some results are listed below:

1. No divisor graph contains an induced odd cycle of length 5 or more (proposition 2.1).

2. An induced subgraph of a divisor graph is a divisor graph (proposition 2.2).

3. Complete graphs and bipartite graphs are divisor graphs (proposition 2.5 and Theorem, 2.7).

4. A graph G is a divisor graph if and only if there is an orientation D of G in which every vertex is transmitter, receiver, or
transitive (Theorem 3.1).

Divisor graphs are also studied in 1,2.

Another concept of interest in recent years in the concept of zero divisor graph which was introduced by I. Beck in [7] then studied
by D. D. Anderson and M. Naseer in [4] in the context of coloring. The definition of zero-divisor graphs in its present form was
given by Anderson and Livingston in 5, Theorem 2.3.

A zero-divisor graph of a commutative ring R is the graph I'(R) whose vertices are the nonzero zero-divisors of R, with r and s
adjacent if r # s and rs = 0. In [5], Anderson and Livingston proved that the graph I'(R) is connected with diameter at most 3.

The zero divisor graph of a commutative ring has been studied extensively by several authors 3,6,.

For each R, let Z(R) be the set of all zero-divisors of R and Reg(R) = R Z(R).



5696 Manal Al-Labadi et al. When zero-divisor graph of some special idealization rings are divisor graphs

Let M be an R- module. Consider R(+)M = {(a, m): a R(+)M} and let (a, m) and (b, n) be two elements of R(+)M. Define
(a, m) + (b,n) = {(a + b, m+n)} and (a,m)(b,n) = (ab, an + bm). Under this definition R(+)M becomes a commutative
ring with unity. Call this ring the idealization ring of M in R. For more details, one can look in [10].

Let G be a graph with the vertex set V(G). The degree of a vertex v in a graph G is the number of edges incident with v. The
degree of a vertex v is denoted by deg(v). The complete graph of order n is denoted by K,,, is a graph with n vertices in which any
two distinct vertices are adjacent. A star graph is a graph with a vertex adjacent to all other vertices and has no other edges. Recall
that a graph G is connected if there is a path between every two distinct vertices. For every pair of distinct vertices x and y of G,
let d(x,y) be the length of the shortest path from x to y and if there is no such a path we define d(x,y) = o. The diameter of G,
diam(G), is the supremum of the set {d(x, y): x and y are distinct vertices of G}.

In our investigation, we start with the following result.

The following result (Figure 1) which was given in 8 as example of a graph which is not divisor graph.

Figure 1. A graph which is not a divisor graph
2 Divisor graph of I'(Za(+)M)

In this section, we give when I'(Za(+)M) is a divisor graph, where Za = Z(+)Z is called the ring of dual numbers over the ring
of integers. It is clear that M = Z,, is a Za-module with the modulo operation defined by (a + bx)m = am.
We start with the following Lemma which was given in 3.

Lemma 1 The zero divisor graph of Za(+)Z,, Z*(Za(+)Z,) =V, U V, U Vs, whereV; = {(0,m):m € Z,}.
V, ={(a,t):a € Z*a,t € Z;, and for some m € Z, we have am = 0}.

V; ={(a,t):a € (Za),t € Z,}
In our investigation, when M = Z,, ,, ,,., where p;, p, and p5 are three distinct primes.

Theorem 1 If M is isomorphic to Z,, then I'(Z[a](+)M) is not a divisor graph.

1P2P3’

Proof. Assume that M = Z,, ,,..,.. Then we have the following induced subgraph of I'(Za(+)M) (Figure 1). Let a = (0, p,p3),
d = (p3,0),b = (0,p103), e = (p1,0), c = (0,p1p,) and f = (p,,0). Then I'(Za(+)M) is not a divisor graph.

Corollary 1 If M is isomorphic to Zpa1p0£2pll3, aq, @y, az = 2, then I'(Za(+)M) is not a divisor graph.
1 2 3

Theorem 2 If M is isomorphic to Zyar a2, Ay, Qp 2 2, then I'(Za(+)M) is not a divisor graph.
1 2

Proof. Assume that M EZp;rlp;zz. Then we have the following induced subgraph of I'(Za(+)M) (Figure 1). Let a =

(O,pfl_lpgz_l), d = (p;%,0), b = (0,p;"), e = (p1P2,0), ¢ = (0,p5?) and f = (py2,0). Then ['(Za(+)M) is not a divisor
graph.

Theorem 3 I[f M = Z,,, then I'(Za(+)M) is a divisor graph.

Proof. If M =Z,, then I'(Za(+)Z,) =V;U V,U V5. Where V; ={(0,v):v €Z,}, V, ={(bx,v):b€Z",vEZ,} V5=
{(pk + bx,v):k,b € Z*,v € Z,}. Let 54,..., qq,... and Ly, ... be distinct odd primes. Then define the function f: V(G) - N by
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fy) = szn5l » (0y) = (bix,v)
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2P x l_[ Si (x,y) = (pk; + bx,v)
i=1

Then f is a one to one function such that (x,y)(a, ) = (0,0) if and only if f(x,y) divides f(a, B) or f(a, B) divides f(x,y).
Hence I'(Za(+)Z,,) is a divisor graph.
Theorem 4 [f M = Z,2, then I'(Za(+)M) is a divisor graph.

Proof If M = Z,2, then ['(Za(+)Z,2) =V, U Vo, U V3. Where V; = {(0,v):v € Z;z)}, Vo ={(bx,v): b€Z", vEZ,}V;=
{(pk + bx,v):k, bEZ", vV E sz}. Let u be a unit in sz and v is an arbitrary element in sz and let si,..., qq,... be distinct odd
primes. Then define the function f: V(G) = N by

]‘[ 2 . ) =0uw)
i=1
2k x 1_[ 3/ , o (6y) = (bix,v)
j=1
Floy) = l_[ Sh v (0y) = (Pkm + bjx, v)
m=1
2k x 1_[ m . (6Y) = %k + bx,v)
m=1
l_[ zk+rxl_[ 3f><1_[ 4 X 1_[ S, =0, pk)
r=1 j=1 m=1 m=1

Then f is a one to one function such that (x,y)(a, ) = (0,0) if and only if f(x,y) divides f(a, B) or f(a, B) divides f(x,y).
Hence I'(Z[a](+)Z2) is a divisor graph.

Corollary 2 If M = Z ct = 2, then I'(Za(+)M) is a divisor graph.

Theorem 5 If M isomorphic to Z, p,,, then I'(Za(+)Zy,p,) is a divisor graph.

Proof. If M =27y, ., then I'(Za(+)Zp,p,) =ViU Vo,U V5. Where V; ={(0,v):v€Zp,,, Vo, ={(bx,v): bEZ", vE
Zp.py 1 Vs = {(p1k + bx,v),pk + bx,v): b, k € Z*, v € Z ;,,}. Let u is a unit in Z,, ,, , v arbitrary element in Z,, let si,...,
qi,...and l},... be distinct odd primes and v is arbitrary element in Zy,p,- Then define the function f: V(G) - N by

1P2°

1Pz
k
l_[ 21 , o (6y) =(0,p2ky)
i=1
m
2k x 1_[ 3/ ;o ey =0w)
j=1
2k x 3mx n 5! , o (oY) = (bix,v)
=1
ooy =12x] | d L oY) = (uki+ bxw)
i=1
2]+ L 0Y) = Gapaki + by, v)
i=1
I . (0Y) = P2k + bjx,v)
i=1
2k x 3m xl_[ 5! xl_[ q! xl_[ s] x U, (y)= ki + bx,v)
=1 i=1 i=1 i=1
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Then f is a one to one function such that (x,y)(a, ) = (0,0) if and only if f(x,y) divides f(a, B) or f(a, B) divides f(x,y).
Hence I'(Za(+)Z,,p,) is a divisor graph.
Theorem 6 If M isomorphic to Zp2p then I'(Za(+)Zy,p,) is a divisor graph.

Proof. By the same procedure in the previous theorem.

1P2

3 Divisor graph of I'(Z a1 a(+)Zpaz)

In this section, we give when I'(Zpe1a(+)Zpa2) is a divisor graph. It is clear that Zpa: is a Z,a;a-module with the modulo
operation defined by (a + bx)m = am if and only if p%2|p*1.
In our investigation, we start the following Lemma which was given in 3.

Lemma 2 The zero divisor graph Z*(Zy,a(+)Z,) =V, U Vo, U V3, where V;, = {(0,m):m € Z}.
V, = {(a,t):a € Z,,a,t € Z;, and for some m € Z;, we have am = 0}.
Vs ={(a,t):a€ Z"(Zpa),t €Z,}

Theorem 7 [fn = m = p, then I'(Z,a(+)Z,) is a divisor graph.

Proof. If n=m = p, then ['(Z,a(+)Z,) =V, U V,U V3. Where V; = {(0,v):v € Z,}, V, = {(bx,v): b € Zj,a, v € Z,}. then
I'(Z,a(+)Z,) is complete graph which is a divisor graph.

Theorem 8 If m = p? and n = p, then I'(Zy2a(+)Zy) is a divisor graph.

Proof. If m = p? and n = p, then I(Zyea(+)Zp) =ViU Vo U Vs Where Vy = {(0,v):v € Z;)},V, = {(bx,v): D € Z;z, vV E

Zp}, Vs = {(pk + bx,v): k € Z;;z, beZ »”andve€ Zp}. Let qi,... be distinct odd primes. Then define the function f: V(G) -
N by
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| ~.
|~ I
et

2P x 3™ x qij , (x,y) = (pk; + bjx,v)

...
Il
-

Then f is a one to one function such that (x,y)(a, ) = (0,0) if and only if f(x,y) divides f(a,B) or f(a, B) divides f(x,y).
Hence I'(Z,2a(+)Z,,) is a divisor graph.

Theorem 9 [fm = p* and n = p?, then I'(Z 2a(+)Z,2) is a divisor graph.

Proof. If m = p? and n = p?, then T'(Z,2a(+)Z,2) =V, U V,U Vs Where V; = {(0,v):v € Z2)} Vo = {(bx,v): b€ Zp,,

v € Zy2}, Vs = {(pk + bx,v):k € Z,2, b € Z »* and v € Z,2}. Let u; # pk; and b; # pk; are elements in Z,2 and qi,... be
distinct odd primes. Then define the function f: V(G) = N by
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Then f is a one to one function such that (x,y)(a, ) = (0,0) if and only if f(x,y) divides f(a,B) or f(a, B) divides f(x,y).
Hence I'(Z,za(+)Z,,2) is a divisor graph.

Corollary 3 Ifm = p“,n = p%2 where a; = a, = 3, then I'(Zpa1a(+)Zyaz) is a divisor graph.
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