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INTRODUCTION

Let Yy € L ( R) be the analyzing wavelet and f € L ( R) be any function. We define the translation operator T}, by
T,y(x)=y(x-b), ber (1.1)

and the dilation operator D, by

D,y(x)=a|""? w[gj a €R, = R\(0}. (1.2)

and a unitary transformation U(b,a) : LR, dt)— L? (R, dt) by

U(b,a) y(x) = (T, D,y kx)ga| "> W(XT_bj, (b, 2) €RxR,.

The actions of the Fourier transform

(FE)(E) = £(&) = [f(x)e ™dx, EeRr (1.3)

on the operators Ty, and D, are given by

FT, = e "VF, (1.4)
FD, =D, .F. (1.5)
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Definition1.1. A function J € L%(R,dt) is admissible only if v is not identical to zero and

» dadb
| <0, (1.6)

a2

”|< U(b,a)y,y >
R,R

Lemmal.2. €L*(R,dt)\{0} is admissible if and only if the integral I | W(é) | dg exists.

Lol

Prof. See [4, p. 877].

Lemmal.3. Let y be admissible and f € LA(R,dt)

Let

C =|—d&
e

The integral

(L,f)(b,a)=f(b,a) =

<f,U(b,a)y >, (1.7)

1
vCy

@ \/_I'[ ( jf(t)dt (1.8)

dbda
defines an element of L* (RxR,, —2) .
a

Moreover,
) 5 dbda, = .
L, : L’(R,dt) > L’ (RxRy, ——) is an isometry.
a

Proof. See [4, p, 877).

From (1.5), the Fourier transform of L,, with respect to its translation argument is given by

@ﬁxmwa;ﬁ?mﬁ&e&ﬁ@y (1.9)

dbda
Definition1.4. The operator L\u : L(R,dt) > L* (RxR,, - ) is called wavelet transform with respect to analyzing wavelet
a
V.

In this paper, we extend the wavelet transform, which we defined on L*(R, dt), to weighted Sobolev space BZ’ and boundedness

properties will be investigated. Asymptotic properties for small dilation parameter will also be studied.
The Weighted Sobolev Space B,

In this section we recall definitions and properties of certain function and distribution spaces introduced by BjOrck [1]. Let M be
the set of continuous and real valued functions ® on R" satisfying the following conditions:
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(H0=w(0)<oE+n)<n(E)+nm); {,nNeR 2.1)
o(§)

@) B 22)
I 1+€])

@@ za+b log (I+]&]), Eer 2.3)

for some real number a and position real number b. We denote by M, the set of all () € M satisfying condition (&) = Q(|g|) with

a concave function Q on [0,0) We suppose ® € M from now on.

Let € MC . We denote by S,, the set of all functions ¢ € L'(R") with the property that ¢ and (I) € C” and for each multi index

o and each non-negative number A we have

P, (¢) =supe™® | D*¢(x)|< oo; 2.4)
xeR"

7., (§) = supe™® | D §(&) |< oo. @)
éERn

The topology of S, is defined by the semi-norms p,; and 7, ,. The dual of S, is denoted by S'; the elements of which are called
ultra-distributions. We may refer to [1] for its various properties. We note that for o(§) = log (1+g|), S, is reduces to S, the
Schwartz space.

We also recall the definition of test function space D,,. The space D,, is the set of all ¢ in L'(R") such that ¢ has compact support

and || ¢ ||x< 00 for all

A>0and

e™® gg (2.6)

ol =

Now, let ®€ M .+ Then K, is defined to be the set of positive function k in R" with the following property. There exists A>0
such that

k(E+n) <e™Fk(n) for all & ner" @2.7)

Let ® € Mc, ke Km and 1< P < 0. Then weighted Sobolev space B)a;{(R“) is defined to be the space of all ultra-

distributions f € Slm such that

2 2
||f||k=[ | dé} <o; @8)
2
and
[RI f(&). 2.9)

Note that the space B Z) (R") is a generalization of the HOrmander space
B, (R") [2 ] and reduces to the space B(R") for o = log (1+[§)).

The Wavelet Transform on Weighted Sobolev Space B ;:

In this section we define the space W, of all measurable functions f on RxR such that
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| T o

Theorem3.1. Assume that analyzing wavelet |/ € [ satisfies the following admissibility condition:

v?(é)r

C, =J.—d§<oo. (3.2)
x S

Let (L, f)(b,a) be the wavelet transform of the function f € BZ) with respect to the analyzing wavelet |/ € L.

Then
Iz, rXe.a)], =171, 53)

Proof. From (3.1), we have
e 7Xe.el, = [l e of, <

= | ( [IK&PIL, ) ba) (&) dafa—

-| { LGS [Ci] a ly(-ad)P| f&F déJ@
Ro\ R a

v

o | [P fOF ae

:CL jMduufllk
BER

-l Ll ise=1t]

(&) ern=nrn

Theorem3.2. For admissible and integrable y;, y, and f,g € B ,a: .

Y,

Nl

|z, r .0~ L, gb,a)|, < [H v,

fgk}

Proof. We have

HL% f(b’“)_ng(baa)Hk < HLwlf(baa)—L,,,zf(b,a)Hk
+ HL%f(b,a) - Ly,zg(b,a)Hk (3.4)

Now,
1

| L, f(B.a) =L, f(b,a)],= { (L, f®.0)-L, fB.a) @[ 1K d:}z
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1

:J. 1 LA

R

C C

141 1§

1
2

=\ [la| k(&) F@F dé (—a$)
f o

Now, using the inequality

v < vl
we have

v e |
‘\/cwl ¢cw2 H Je, e
so that

A 2 2
‘l/ll_l//Z Hl//l_VIZ
o N |

Using (3.6) in (3.5), we have

1

IL, fba)-L, f(ba)ll,< |al? o= -2 | £l

Ve, Je.

L

Similarly, we can write

1
1L, f(b,a)-L, gb,a)],< Ll allf-gl

Invoking (3.8), (3.4), we have

1

L, f(b.a)~L, g(b,a)|l,< |a|2H v v | 11l

€. G

L

7%
+H—=— /-2l
\/CV/
2 g,

Asymptotic Behavior for Small Dilation Parameters.

Let us recall the equation (1.9):

——lal? p,(=ad) (&)= |— |al y,(-ad) £ (&)

k(&) " dE

3.5)

(3.6)

(3.7)

(3.8)
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11 t—b
L f(b.a)= F(t)dt. .
Jf(b,a) @\/miw(aj(t)t @.1)

In what follows we assume that v is real valued and a>0.
Let us define

1
\v4x>=—n{5). (42)
a a

Let us use the notation

Ay £(b,a) = (y, *F)b) =~ [ \y(%jf(t)dt. 3)

ag

From (4.1) and (4.3), we have

(y, *f)b) = (/\W f)b,a) = \/ngf (b,—a). (4.4)
a

Theoremd.1. Let f €B? and y e L' (R) with j w(t)dt=1.
R

Then
A, f(,a) >f() in B as a—0;

Proof. In view of (4.3) we have

O s s -1 =] e s @ 1K as

k(&) d&

2

k(&) d&

= [l =1y @-1

) :
- j 7‘”] (z, fXp,a)) &) - f(&)

C % 1 2 LN A A
:J' —'”J [—J lal* w(@d)f(&)-1($)
R a C

174

2

k(&) " d&

v (@é) f(&)- (&)

:|M@Fh@Hk&w@cz

= dé&

M@ﬁ%@ﬁ—&ma
[[(@.&)" dé,
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mml@aﬂuaﬂ@(LM&J.

Then we have lim| I(a,é) |= 0 ae.
a—0

, which is independent of a.

1-y(ag)

Let us now set M = sup
geR

Then

um£NSM#@ﬁ@ﬁ

Now, applying the dominated convergence theorem, we have
(v, *f)=~,f(.a) >f() in BY as a—0.
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