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INTRODUCTION

Modern differential geometry plays an important role to explain the dynamics of Lagrangians. So , if Q is an m — dimensional
configuration manifold and L : TQ — R is a regular Lagrangian function , then it is well-known that there is a unique vector field
& on TQ such that the dynamic equation is given by

Where @, = —dd, L indicates the symplectic form , J : TQ — TQ respectively an almost tangent or complex or paracomplex
structure such that JoJ = 0 or JoJ = —1 or JoJ = 1. Also E, = V(L) — L is an energy function and V = J(&) a Liouville vector
field. The triple (TQ ,®, ,¢ ) is called Lagrangian system on the tangent bundle. Also, modern differential geometry provides a
good framework in which develops the dynamics of Hamiltonians. Therefore, if Q is an m-dimensional configuration manifold and
H: T*Q — R is a regular Hamiltonian function, then there is a unique vector field X on T*Q such that the dynamic equation is
given by :

ix® =dH - (2)

Where © indicates the canonical symplectic form. The triple (T*Q, ®,X) is called Hamiltonian system on the cotangent bundle
T*Q. Nowadays , there are many studies about Lagrangian and Hamiltonian dynamics, mechanics, formalisms, Systems and
equations ( 1, 2 ) and therein. There are real, complex, paracomplex and other analogues. As known it is possible to produce
different analogous in different spaces. Quaternions were invented by Sir William Rowan Hamiltonian as an extension to the
complex numbers. Hamiltonian’s defining relation is most succinctly written as:

i?=j*=k?*>=-1,ijjk= —1.

Split quaternions are given by
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Generalized-quaternions are defined as
i?=-—a,j?=-b,k* =—ab,ijk = —ab

If it is compared to the calculus of vectors, quaternions have slipped into the realm of obscurity. They do however still find use in
the computation of rotations. A lot of physical laws in classical, relativistic, and quantum mechanics can be written pleasantly by
means of quaternions. Some physicists hope they will find deeper understanding of the universe by restating basis principles in
terms of quaternion algebra ( 3, 4).

Preliminaries: In this paper, we present equations related to Lagrangian mechanical systems on a generalized-quaternionic
kdhler manifold, all mathematical objects and mappings are assumed to be smooth, i.e. infinitely differentiable and Einstein
convention of summarizing is adopted. F (M), »#(M)and A*(M) denote the set of functions on M, the set of vector fields on M and
the set of 1-forms on M, respectively.

Theorem

Let f be differentiable ¢ , 1 are 1-forme, then (5, 6 ):

o d(f¢) =dfA¢ + fdo
o d(PAY) = dpNY — pAdyp

Definition ( Kronecker’s delta )

A kronecker’s delta denote by & and defined as follows ( 5 ):

= fliir i
L 0;if i+#j

Generalized-Quaternionic kdhler Manifolds: A generalized almost quaternion structure on the manifold M is a sub bundle of
the bundle of endomorphisms of the tangent bundle of M, whose standard fiber is the algebra of generalized-quaternions. A
generalized almost quaternion structure on a pseudo-Riemannian manifold is called a generalized-quaternion Hermitian if the
following conditions hold:

(1) The endomorphisms F ,G and H of T, M satisfy

F? = —al,G* = —bl ,H* = —abl,FG = H,GH = bF ,HF = aG — 3)
(i1) The compatibility equations are given by, for X ,Y € T,M

g(FX,FY)=ag(X,Y),g(GX,GY) = bg(X,Y),g(HX,HY) = abg(X,Y) — 4

Where I denotes the identity tensor of type(1,1) in M. In particular, 2-form Q defined by Q(X,Y) = (X, FY) = (X,GY) = (X, HY)
on M is called the Kdhler form of the endomorphisms F,G and H. If the Kdhler form Q on M is closed, i.e. dQ = 0, the
manifold M is called a generalized-quaternionic Kdhler manifold (for detail see (7) ). Ifa = b = 1, M is quaternion manifold. If
a=1,b=—1,M is para-quaternion manifold. The bundle V is asset that locally admits a basis {F , G , H} satisfying ( 1 ) and ( 2
) in any coordinate neighborhood U € M such that M =U U (8). Then V is called a generalized-quaternionic structure in M. The
pair (M,V) denotes a generalized-quaternionic manifold with V. The structure ¥V with such a Riemannian metric g is called a
generalized-quaternionic metric structure. The triple (M , g ,V) denotes a generalized-quaternion metric manifold.

e . . ] ] ] ]

Let {x; , Xp1i ) Xon+i » X3nei) L = 1,1 be a real coordinate system on a neighborhood U of M, and let {— , , , }
Oxi " Oxnyi OXopyi 0X3ngi

and {dx;,dx,,;,dx,n4;,dx3,4;} be natural bases over R of the tangent space T(M) and the cotangent space T*(M)of M,

respectively. Taking into consideration ( 1 ), then we can obtain the expression as follows:

a a [7] a [7] [7]
F(5-)=as—,6 (=) =—b H () = —ab
ox; Oxnyi 0x; Oxon+i 0x; Ox3n+i
7] 7] 7] 7] 7] 7]
F(5)=-as=,6(5—)=b H(5=) = —ab > (5)
0Xnti ox; 0xnyi 0X3n4i 0xnti 0xon+i
7] 7] 7] 7] 7] a
F(3—)=a 6 ( = b= ,H(-"—)=-ab
0xan+i 0x3n+4i 0Xan+i Ox; 0Xon+i 0xnti
a 0 a a a
F( =—a ,G( )=b ,H( )=—ab—
0X3n+i 0xzn+i 0x3n+i Oxnyi 0X3n+i ax;
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A canonical local basis {F*,G*,H*} of V* of the cotangent space T*(M) of a manifold M satisfies the condition as follows:

F* =—al ,G** = —bl ,H** = —abl ,F*G* = H* ,G*H* = bF ,H*F* = aG" — (6)
Defining by

F*(dx;) = adxny;, G*(dx;) = —bdxzny;, H'(dx;) = —abdxsny;
F*(dxp4i) = —adx;, G*(dxp4i) = bdxznyi, H (dxny) = —abdxyny; — (7)

F*(dxap4i) = adXznyi, G*(dX2n4i) = —bdx; , H (dXpn4) = —abdxy,y;
F*(dx3p4i) = —adXonii, G (dX3nei) = bdxpyi, H* (dxspy;) = —abdx;

Lagrangian Mechanical Systems : Here, we obtain Euler-Lagrange equation for quantum and classical mechanics by means of a
canonical local basis {F ,G ,H} of V on a generalized-quaternionic kédhler manifold (M , g, V).

First:
d (0L oL a oL
0l (2) 40 —0,ad(2) % _g
Jat \0x; 0xXp4i 0t \0xpn4i ax;
a daL aL a aL daL
a—( )+ =0,a—( )— =0 - ®)
0t \0xzn4i 0x3n+i 0t \0x3n4i 0xan+i

Second, let G take a local basis element on the generalized-quaternionic kdhler manifold (M , g, V), and {x; , Xpn1i » Xonti » X3nsi}
be its coordinate functions. Let semispray be the vector field Y determined by

Y = Y",.,i +ymri Y2 ©)

Xi Oxnyi 0Xan+i Ox3n4i

Y2n+l' 9

i — o gt 2n+i — o 3n+i — o
Where Y' = x; , Y™™ = x, ., , Yo" = Xy yi , YOI = gy
This equation ( 9 ) can be written concise manner:

Yoy oy 0 (10)

OXan+i

And the dot indicates the derivative with respect to time t. The vector field defined by:

Ve=GY) = —bYL +pynti 2 _ pyen+i O + py3nti—: F(M) - A'M - (11)
X2n+i X3n+i ox, 6xn
Is named a Liouville vector field on the generalized-quaternionic kéhlermanifold (M, g,V), for G, the closed generalized-
quaternionic kdhler form is the closed 2-form given by ®f = —dd,L such that
a
d= dxl e it g — Xanai F 5 Xgnay 2 (12)

This equation (12) can be written concise manner

d = Yiogr—d¥ansi (13)

dglL = —ba dx; + bs——dxy,; — b dx2n+, +bo— dx3n+l FM) - A'M - (14)

Xon+i X3n+i

Then we have:

3%L 92%L
i =bp dx; Ndx; — b dx; Adx +b dx Adx
L ijaxzml j i ax 6x3n+l j n+i 6 j 2n+i
—b—LEdx; A dxgny + b dxpy; Adx; — b oL Apyj A donsy
0xj0xn4i axn+]ax2n+1 0xn4j0X3n4i
b2 e At — bt dx,  AdXapes + b dxy ., A dx;
Oxn4j0x; J et 0xn4j0xn4i J 0%on+j0%2n+4i J
b—" dxysi A + b — e —dXpny; A dXomss — b dixyny ; A d
6x2n+jax3n+i 2n+j n+i 0xZn+j6x 2n+j 2n+i 6x2n+j6xn+i 2n+j 3n+i
b—" gy ndx —b—"E dx, . Adxg +b Axans i A dXopmsi
0x3n+j0%2n+4i J 0x3n4j0X3n4i J ax3n+]axl J
a%L
—b Ay A dxgn

0X3n4j0Xnyi
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. d i 0 i 0
s iy = Y — 4+ Yn+l + Y2n+l. —+ Y3Tl+l
ox; Oxn4i Oxan+i Ox3n+i
Then we calculate
iy ®F = bY' —2E 5Ty, — byl —2E gy — byt —LEsax, ., + byt Lk
ax)axznﬂ ¢ ax}'axznﬂ J 0xj0x3n4; nH ax}'ax3n+i
Jj 2n+i o%L i Jj 3n+i %L
+ byt 2L 6dx2+—bY L — by —2E ) dixgy + Y3 L
dxjox n+t dxj0x; 0%j0xn4; n+t 0xj0xp 1
3 L n+j ; 2L +i 2L n+j
+bY™ i ——— " dx, — bY! dxpy; — bY" ' ————6 " dx,
0xn4j0Xon+i n+t ¢ 0Xn4j0Xon i n 0%Xn4j0X3n4i n+t nt
i a%L i 9%L n+j onti  9%L
+ pyntt dxp,; +bY" "' ————§ " dx,, . — YT —— ;
0xn4j0x3nei Oxpyjox; LT TANAD dxpyjox;
P 2L n+j i 9%L i 9%L 2n+j
byt ——— 5" dxg, . + bY3H dx,.; + bYWt ——— 5" dx;
0%xn4j0xnyi n+t 3ntl 0Xn4j0Xnyi ntl 0Xan4j0Xon+i Znti ¢
i 9%L i 9%L 2n+j i a%L
—byi—2E Gy, — by L gatig, oy pynt Xoms
0x2n+4j0%2n4i neJ 0x2n+4j0%3n4i 2t nEt 0xon+j0X3n+4i nJ
i 0%L 2n+j onei  0%L i 9%L 2n+j
+py?tt —— 5" dx,, . — bY?E dxypei — DY " ————— 6§ dXsn
0xan4jOX; Znti antl 0xan4jOX; nty 0Xon4j0Xnyi Znti 3n+l
ppysnri L g ppydni CL gniigy gy 0L g
+ i +
0xon4j0%n4i i 0x3n4+j0%2n4i ntt ¢ 0x3n+4j0%2n+i i
i 9L 3n+j i 9L i 3L 3n+j
—py3n+i 6. dx,.; + bY™t dxgp, i + bY3H ——— 5" Vdx,, .
0x3n4j0X3n4i an+i i 0x3n+j0X3n+i 3nt 0x3n4j0X; 3n+i nt
i 0%L i 9%L 3n+j i 9%L
—py?n+i Aitany; — bY3nHi— 0L 304 gy 4 py3nt Ay i
dxzn4jox; o) Oxgpyj0xny; STHLTTIMA Ox3n4jdxnei o
The Energy function is
ES =V (L) — L
L G
oL oL
Ef = —bY! 2 by o E e py e gy SR
X2n+i X3n+i ox O0x3n+i
i 92L i 0%L i 9%L
dES = —bY' dag + bY™ ST dxy — by e dy + by —dy
6x]6x2n+l 0xj0x3n+i 0xj0x; 0xj0xn4i
by —TE A by TE gy pyznt _PE gy e 2L
0%Xn4j0Xon i n 0%xn4j0X3n4i ntl Oxny4jOX; nti Oxnyj0Xnyi
by T, by T gy by gy
0o j0%onsi ot 0xgn4j0xsnei ot Oxpn4jox; 2
i 921 i 921 i 921
+py3nt dxypy i — bY? dxsn, i+ bY™H! X3n4j
0Xon4j0Xnyi mntj 0x3n+j0Xon+i 3nty 0x3n+j0X3n+i 3nty
i 0%L 9%L oL oL
—pyZn+i dX3p,; + bY3TH dxzpy ;i — —dx; — ——dxp,;
0x3n4j0%; nti 0x3n4j0%n4i nrJ ox; J Oxnyj s
daL X oL dx
ax2n+j 2n+j 6x3n+1 3n+j

Using equation (1) and also considering an Integral curve of Y , we obtain the equation given by:
iy®% = dEF
From which we get

2 , . 2 ,
8l doey + bymti T M gy, g py2nri _TL 52 gy

0xn4j0Xan+i ntt 0x2n+j0%2n+4i 2n+i

L g3nt) j vi_ 9L n+j
pys3nt 8 dx;) — bYL—5 dx, ., +bynti—2=  §"tig,
0%x3n4j0Xon4i 3n+i ) ( 0xj0x3n+i nti 0xpyjdxzpy; "H n+i

. 2 .
ppyzmti 0L sy oy pysnei 0L ssnbjg, g4 by 6]dx2n+l

0%2n+j0X3n4i 2n+l 0x3n4j0%3n4i 3n+i

(byi—2L

ax]axZnﬂ

i 0%L n+j i 9%L 2n+j i 0%L 3n+'
n+i J i 2n+i J i 3n+i J i
+bY axn” o On+i Wamsi + Y T 82 dxynyi + BY T 53n+i AXon+i)

3%L n+j i 3L 2n+j

—(bY? 6’dx + by ——— 5" dxg Y ———— 5 dxg,

( ax]axnﬂ snt ax'r1+jaxn+i ntt 3ntt 0X2n+4j0%n4i 2n+i 3ntl

8%L 3n+ oL
3n+i J —

+bY 0X3m4 j0Xn4i 53Tl+L dx3n+1) - ( d + dxn+] + 8%y dx2n+j + Xan d 3n+])

, . Jj _ n+j _ 2n+j _ 3n+j _
fi=j = &6 =1,8"=1,6"" =1 53,1“ = 1.

And therefore

Xn+j

(15)



36194 International Journal of Current Research, Vol. 18, Issue, 02, pp.36190-36194, February, 2026

i 92L i 92L i 92L i 0%
b [Yl - 4 Yn+l - 4 Y2n+1— + Y3Tl+l. L dxl- _ b(yl g~
ax]ax2n+l 0xn4j0Xon+i axZn+jaxZn+i a9f3n+]axZn+l 0xj0X3n+i
n+i %L 2n+i %L 3n+i %L i n+i_ 9°L
Y Y Y iy + DY g e YT
0%Xn4j0X3n4i 0X2n+j0X3n+i 6x3n+jax3n+ Oxny jOX;
2n+i o%L 3n+i o%L i n+i o%L 2n+i o%L 3n+i %L
+Y oty P )dXonyj — b(Y e YT o — '+Y e TY p 5 YdXx3n4; +
2n+] Xi X3n+jOXi XjOXn+4i Xn+j0Xn+i X2n+jO0Xn+i X3n+j0Xn+i

—d i+ — dxn+J+

L
Shdxy + 52 x| =0 = (16)

JaL 2
O xpns +——
n+j ant 0x3n+4j

dx,

In this equation can be concise manner

i 82L oL i 92L oL
bY3_,yanti dx; + 25 dx; — b Y3 _, yont dxpy; + —25dox,,
a=0 0Xan+j0Xz2n+i : oxj J a=0 0Xan+j0X3n+i nrt Oxn4j nrJ
+b 23 yanti L g iy — bRy O g
0 Oxan+jox; nH 0Xan+j nti a=0 0Xan+j0Xn+i nH

Ly =0 — (17)

a"3n+

Then we have the equations

d (0L daL oL oL
V() gt =0 ) -
ot \dx; ax2n+l. 6t 0Xnti 0x3n4i
d oL oL oL oL
I PP i PO
0t \0xzn 4 axl 0t \0x3n4; Oxn4i

Thus equations obtained in Eq (18) are called Euler-Lagrange equations constructed by means of ®§ on a generalized-quaternionic
kihler manifold (M, g,V) and then triples (M ,®¢,Y) are named Mechanical systems on a generalized-quaternionic kéhler
manifold (M, g,V).
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