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This paper considers various models for first birth interval to a married woman with an aim to pick
up a model which is best fit. For fitting the various models, the Bayes estimates of the parameters
involved in the models are obtained using WinBUGS based on the Markov Chain Monte Carlo
technique. The comparison of the models regarding their fitness is made on the basis of DIC
criterion. The data used in the present study is taken from National Family Health Survey III Uttar
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INTRODUCTION

First birth interval for married females means the difference
between the age of female at first birth of a baby and age at
marriage. It is closely related to waiting time to first birth
which is defined as interval between marriage and first
conception leading to a live birth. It may be noted that in
practice, the data is available in the form of first birth interval.
However, subtracting the gestation period (usually taken as
nine month) from first birth interval, the waiting time to first
birth can easily be obtained. Analysis of such data is of great
importance in studying the fertility behaviour at early ages of
married female. It may also be noted that fecund ability is an
important characteristics of human fertility which is
unobservable directly. However, the waiting time to first
conception data provides the way of estimation of fecund
ability (as reciprocal of mean waiting time). Keeping in the
view, the importance of fecund ability and analysis of waiting
time to first conception in mind, a number of probability
models under different assumption have been proposed. The
inherent assumptions in these models are that the conception
depends upon chance. Moreover, the period between marriage
and first conception may be either treated as discrete or
continuous random variable. First attempt in this direction was
made by Gini (1924) and he considered that conception may
take place in any of menstruation cycle whereas risk of
conception in each menstruation cycle is same and thus
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proposed the use of geometric distribution. Considering
waiting time to be discrete random variable measured in
months. A number of authors have proposed similar models
with some slightly different assumption: for detail see Henry
(1953,1957,1961a,1961b), Henripin (1954), Vincent (1961),
Potter and Parker (1964), Sheps (1964), Dasgupta and
Hickman(1974), Pathak and Sastri (1984) . Another approach
for waiting time data would be to consider it as continuous
random variable, See Singh(1961,1964), Sheps(1965),
Pathak(1966), Suchindran and Lachenbruch (1974), etc. Most
of these research workers have considered fecund ability to be
constant for all the females of the populations and hence
justified the use of negative exponential distribution as
suitable model. Under different situations, modifications have
also been proposed by various authors, see Bhattacharya et. all
(1986), Pathak and Pandey(1981) and others.

It is generally seen that in the early ages of married life the
conception are less and it increases as the time increases.
Although no biological reasons can be associated for such
observed phenomenon but social factors may be responsible
for this. It motivates us to a logical thinking that waiting time
to first birth follows a model which has non constant hazard
rate.Hence one can think for other probabilistic model for
estimating the average waiting time where hazard rate is not
constant as assumed in the case of exponential distribution. In
literature there are several probabilistic models whose hazard
rate is not constant such as gamma distribution and Weibull
distributions. Gamma and Weibull distribution are the
generalization of the exponential distribution and both
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distributions have increasing or decreasing hazard depending
on the value of shape parameter and reduce to exponential
distribution when shape parameter is equal to one. Thus, it is
natural to think for the use of a general distribution like
gamma or Weibull in place of exponential distribution.
Although generalization often increases the number of
parameters thus inferences may become more complicated.
However if the generalized model fits better that than exiting
simple models one should use the generalized model for
further inferences.

The specific objective of the present study is to examine
that out of exponential, Weibull and gamma distribution which
fits best to waiting time to first birth data. Bayesian tools for
data analysis in social sciences are becoming increasingly
popular because it offers an easy solution to complex problems
where classical solution are either very complicated or
sometimes does not provide a workable form. Therefore we
propose to use Bayesian method for comparison of the models
for their suitability. In this context it is worthwhile to mention
here that Deviance information Criterion (DIC ) is one of the
most popular criterion used for deciding the suitability of the
models. A model for which the DIC is less is more suitable
than the model having more DIC (Ntzoufras,I. 2009). Thus
the objective of this work is to select the suitable model on the
basis of DIC and to propose the model for estimation of
waiting time to first birth under Bayesian setup.

Methodology: Estimation and Model selection

Here, we present some basics of the Bayesian method for the
data analysis. As discussed in the introductory section, we may
propose a probability model for describing the underlying
mechanism of the data X denoted by f(x|0) where 6 denotes
the set of parameters. The next step in the process is to assume
some prior distribution for the parameter 6.The prior is
intended to capture the beliefs about the situation before
seeing the data based on the past experiences and familiarity
with the problem in hand. Suppose the prior distribution of 6
be g(0). After observing the data, the likelihood function be
L(x|0). Using Bayes’ rule, we obtain a posterior distribution
for these unobserved parameters which is conditional
probability distribution of the unobserved quantity of ultimate
interest given the observed data. It takes into account both the
prior knowledge about the parameter and the observed data.
Suppose the posterior distribution of the parameter 6 be
denoted as p(0]x). The Bayes’ formula for the posterior
distribution of the parameter 0 is as follows:

9(6)*L(x(0)
[ 9(6)+L(x]0)do

. rior x likelihood
Posreior P(6]x) =2 =

marginal

oc g(8) * L(x]6)

Once the posterior distribution of the parameter 0 is obtained,
we may easily obtain an estimate of ®(0), any function of 0,
under the chosen loss function depending on the nature of
decision making. For model selection, Spiegeihalter et al
(2002) proposed a Bayesian model comparison criterion based
on the principle of DIC. This principle incorporates goodness
of fit of the proposed and its complexity.Thus, DIC = a
measure of goodness of fit + a measure of complexity. The
measures mentioned above are based on deviance defined as
D(0)= - 2log L(x| 8)+2log L(x)

Here log L(x) serves as a standardizing term. The measure of
fit consists of the posterior expectation of deviance i.e.

Egx (D)=D

Naturally, the ‘better’ the model fits data, the larger are the
values for the likelihood. D which is -2 times log likelihood
therefore attains smaller values for ‘better’ models. The
second component measures the complexity of the model pD,
defined as the difference between posterior mean of the
deviance and deviance evaluated at the posterior mean of the
parameters.

pD = Eg|x (D)- D[Ej), ()] = D- D(6)

The DIC is then defined as sum of the both the components
ie.

DIC = 2D - D(d)

For details readers may refer Spiegelhalter et al. (2002)

Model A

Let X denote the time between marriage and first birth follows
exponential distribution with probability density function
f(x[M)= A exp(-A*x), x=0, A>0. (D)

The likelihood function of A for the samples X1, X,,..., X, is
LAlx) = " exp(— X x;*A)  x; =0 2

Here lambda represents the conception rate per unit time. The

mean waiting time for first birth, E(x) =1/ A, where Ais the
instantaneous fecund ability. Since fecund ability varies from
female to female thus lambda may be considered as random
variable following some distribution having support A >0. It is
well known that gamma distribution can be considered as a
prior distribution of lambda for above model. The reason for
choice of this prior is that it is flexible and belongs to
conjugate family of prior for exponential distribution. The
prior for A may, therefore, be taken as

gW)=m¢ A Vexp(—m1))/(I'c) A=0,m,c>0 (3)

Astraight forward use of (2) and (3) Via Bayes theorem yields
the posterior distribution of A as

pptc-1 exp(— (T xj+m)*1) T(n+c) (4)
f}tn+C—1 exp(— (X xj+m)*1) T'(n+c) dr

P(Ax)=

It is well known that the Bayes estimate of A is the posterior
mean under squared error loss function.

Model B

A natural extension of exponential distribution is Weibull
distribution whose hazard rate depends upon the choice of
shape parameter. The probability density function of two
parameters Weibull distribution is

fxla, fr=af xaflexp[—ﬂx“] ; x>0 (5)

Where o is shape parameter and P is scale parameter. The
hazard rate for the Weibull distribution is decreasing if a < 1
and increasing if o >1. For o = 1, the hazard rate is constant
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and it reduces to exponential distribution. The mean waiting
1
. (1 / o 1
time to first birth is (ﬁ) I'(+ Q’)
The likelihood function for the samples x, , X, ,— — =X, is

Lia,p IX):a”ﬁ”(]j x] oxp {’ﬂé X’a}; 520 ..(6)

For Bayesian estimation, we need prior distribution for the
parameter for o and B. If the both parameters are unknown,
Singh et.al (2008) proposed the piecewise priors for the
parameters namely a non- informative prior for shape
parameter and a natural conjugate prior for scale parameter
assuming ¢ and [ is statistically independent. Thus, we
consider here gamma prior for scale parameter, which belongs
to natural conjugate family and uniform prior for the shape
parameter. The proposed prior for parameters o and B are
given below.

()= ﬁ , ¢ <a<d, where c, d are non negative.. (7)

2(B)= m? BP Vexp(—mp)/(Tp)p = 0,m p>0.... ®)

Thus, we obtain the joint prior as:

_m’B"exp (-mp).
gz(aaﬂ)_ (c—d)Tp ;a20

m,p >0 0< f <o 9)
The posterior distribution of & and § can be obtained as:
L(a,ﬂ|x)_g(a,ﬁ) eeeee(10)

Pla,B|x)=—
[[L@.Blx)e(@.B)adp

0%
Substituting L(ﬁ,/ﬂx) and g(/t,,B) from (6) and (9)
respectively in (10), we get the joint posterior distribution

P(,B, A x) as follows

n

a-1
% X,] exp(—ﬂ(ZX,“-#m)j
i=1 i=1

P(a.f|x)=-

d n
o' porr
[145
0c

i=1

X[j 7 exp[—ﬂ(i X +m)]dad/3

The posterior distribution of (a, ,66) takes a ratio form that
involves an integration in the denominator, we may note that
the equation (10) cannot be reduced in a closed form and
hence the evaluation of the posterior expectation for obtaining
Bayes estimator of Aand f# will be tedious. To overcome
such difficulty we use MCMC method to obtain Bayes
estimator of the parameter using Win BUGS software.

Model C

An another model which has monotone hazard rate is gamma
whose probability density function given as

f(a,b|x):1i—ue_bx x* 1 x>0ab>0 ... (11)
a

where a is shape parameter and b is scale parameter. It may
also be noted here that for different choice of a, the hazard rate
is either increasing or decreasing. When a < 1 the hazard rate
is decreasing and a >1 hazard rate is increasing and it reduces
to exponential distribution when a=1. The mean waiting time

to first birth is @ /b _ Thus, this model is another competitive
model for model A and Model B.

The likelihood function for the samples x,,Xx,,———X, is
B s -
L(a, blx) = e 2% ([Tx)*
We follow the same argument as discussed for prior selection
in model B and proposed the joint prior for parameter a and b
as

ceee(13)

gla,p)= "0 exp Cmb): ¢ dmp>0
(c—-d)'p

Table 1. DIC for Various Age at Marriage Groups

DIC for Various Age at Marriage Groups

Model 12-15 Years 15-18 Years 18-21 Years 21-24 Years 24 *years T(;traoluapge
Exponential 8870.2500 17217.7000 8692.0800 2281.1700 780.1960  38018.20
Weibull 8871.7600 17153.5000 8608.7800 2216.4200 753.9790  37891.30
Gamma 8860.7900 17062.9000 8548.7500 2192.7000 753.2990  37770.20

Table 2. Bayes Estimates of the parameters of Gamma distribution
Bayes Estimates of the parameters of Gamma distribution Average Waiting
Age at marriage ~ Parameter Posterior 95% H.P.D. Time(in- month)
mean Interval
12-15 Years a 0.87840 0.81200 0.94840 33.80
b 0.02599 0.02338  0.02869
15-18 Years a 0.72370 0.68570  0.76220  26.87
b 0.02693 0.02496  0.02892
Gamma  18-21 Years a 0.66170 0.61550  0.70980 20.86
b 0.03172 0.02858  0.03516
21-24 Years a 0.55290 0.48150  0.63070 17.06
b 0.03240 0.02605  0.03924
24 " years a 0.56590 0.44260  0.70500 17.30
b 0.03271 0.02224  0.04488
Total age group a 0.75880 0.73280 0.78590  26.08
b 0.02910 0.02773  0.03054
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Substituting L(a,b|x) and g(a,b) from (12) and (13)
respectively in (10), the joint posterior p(a,b / x) becomes

a-1
D T X, | exp| —( X,.+m)bj
1) el

i=1

xd B a1 -
I f W(H X’J exp[_ QO x/+ m)bjdadb
0c ¢

e i=1 i=1

It may be noted here that equation (14) cannot be reduced in a
nice closed form. Again to overcome such difficulty we use
MCMC method to obtain Bayes estimator of the parameters
using Win BUGS software.

Data

To illustrate the proposed procedure, we have taken data from
National Family Health Survey-3 held in 2005-06. We all
know that onset of menstruation is usually thought to be sign
of women’s reproductive maturity. Gondotra and Das (1982)
have stated that most of the females in India have their
menarche between the ages twelve to fifteen years. Therefore
we have considered only those females whose age at marriage
was 12 years or more. Another important point to be noted
here is that nearly all females who are not using any
contraceptive methods and are biologically fits to give birth to
their first child conceive much earlier than 7-8 years of their
marital duration. Therefore we decided to consider only those
females whose marital duration at the survey time was more
than nine years. In present study, we are not interested only in
average waiting to first conception of the whole data but also
interested in effect of age at marriage to the waiting to first
conception. Thus the whole data (4461) was divided into five
groups according to their age at marriage as 12-15,15-18,18-
21,21-24 and 24 © and number of females in these groups are
981, 2006, 1076, 297 and 101.

Model Selection and Estimation of the parameters for
considered models

For the estimation of parameters of the considered model, we
propose the use of Bayesian method which is based on the
posterior distribution. However, for Weibull or Gamma
distribution, the posterior distribution of the parameters takes a
ratio form that involves integration in the denominator and
cannot be reduced in nice closed form when both parameters
are unknown. Hence, the Bayes estimators cannot be obtained
in closed form. In addition to it the evaluation of the DIC for
these models will be tedious. There are several approximation
techniques available in literature to solve such types of
problem. One of the most widely used methods is Markov
Chain Monte Carlo method (MCMC). MCMC is commonly
used to evaluate, iteratively, approximate value of some of the
complex integrals involving expectation of a function of a
random variable. MCMC tool has been incorporated in the
Win BUGS (Bayesian inference Using Gibbs Sampling for
Windows). One of the important steps in implementation of
MCMC via Win BUGS is providing the value of hyper
parameters of prior distribution. We first choose the value of
hyper parameter such the prior distribution becomes most non
informative. Then a large variation of hyper parameters we
consider. Finally we selected that value of the hyper parameter

which provides the least DIC. After deciding values of the
hyper parameter, Bayes estimators for considered models
using Win BUGS are obtained and summarized below in the
table 2.DIC of the considered model for different age group
are also given in Table 1.

DISCUSSION

From Table 1, we see that for each model the DIC decreases as
the age at marriage increases and it (i§41fast for the age group
24 years and more. For any given age group, the DIC is least
for Gamma model. Between Exponential and Weibull model
for early age at marriage group Exponential distribution has
slightly smaller DIC as compared to Weibull but the situation
is reverse for higher age group. Over all i.e. for the females
irrespective of their age at marriage, Gamma distribution has
smaller DIC. From Table 2 we see that average waiting timeto
first conception (estimated by considering the Gamma model)
is highest for the age at marriage group for 12-15 years. As
the age at marriage increases, the average waiting time to first
conception decreases. This trend continues up to the age
group 21-24years. For the age group 24 years and more there
is a slight increase in the average waiting time. This trend of
variation in the average waiting time to first conception is in
conformity with those reported in other studies.

Conclusion

On the basis of DIC criterion, Gamma distribution is found to
be the best model among the considered models for the
waiting time to first conception. Thus it may be recommended
that Gamma distribution can be taken as a suitable model for
estimating the average waiting time to first conception than
Exponential and Weibull distributions.
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