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INTRODUCTION
A semi group S is called left(right) distributive semi group if Xyz = XyXz (yzx = yxzx) where X, Y, Z belongto S. A semigroup S

is distributive semi group if it is both left and right distributive semi group. Sis a commutative semi group if it satisfies Xz = zx , for any
X,2eS.

Definition: X € S is an idempotent if X2 = X_.Also we define the set of idempotents in S tohe
Id(S)z{XeS | X2 :x}

Now, Id (S) may be empty, but Id (S) may also be S .

Let A be a finite alphabet, F[A] denote the set of nonempty words @,a,...a, over A

The binary operation ™" an F[A] is defined

(*) e (a,a,..a,)(bb,..b )=aa,..abb,.b

The set F[A] with a binary multiplicative operation defined by (*) is called free semi group over A

If A= {ai, Ay, an} is finite and if the congruence p on F[A] is generated by a finite set

F['% =< ai,az,...,an >| W]_ = 211"'1Wr = Zr >

F['% have the system of free generators a,,d,,...,&, and the relations ........ W =2,.,W =Z.

R= {(Wl, 21) . (Wr Z, )} , (W- 7 ) e F[A]x F[A] then we said F[A% is constructed with a finite number of generators, so

Let (S,+) beacommutative semi group and @,y its idempotent permutable endomorphisms:
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Q) P =wy=y.0p =ye the oy (X) =y (y) forany X,y €S .
Proposition1: Let (S, +) be a commutative semi group and @,V its endomorphisms satisfying (1). By the definition

(2 xy=p(x)+y(y)
Then, (S,.) is a distributive semi group.
Proof: Let X,Y,Z€ S,

then

xyz = p(X) +y (yz) = (x) +v (p(y) +y (2)) =
=e(X)+w(e()+v ()=o) +w(p/!Y))+ye(x)+y(z) =

=o(X, y)+y(X,2) = Xyxz

yzx = p(yz) +y (X) = p(p(y) +v (2) +y (x) =
=o(Y)+oy(2))+y(x)=

=o(y) +oy (X)+oy(2)+y(X) =

= @(yx) +y (2x) =

= yXZX

We proof that (S,.) is a distributive semi group. #
Construction

Now we will construct free distributive semi groups with system of free generators {Xi } Jdel.

Let (F ) +) be free commutative semi group of idempotent with system of free generators

fajuibjulajuld) {ajuibjulc}uld), iel.

Now on (F,+) we define the homomorphisms ¢ and v :

‘) a b ¢ d . a b ¢ d
........ = an =
?Zlb b d d VZle d ¢ d

Proposition 2: Homomorphisms ¢ and y of free idempotent commutative semi group (F,+) defined by (3) satisfies (1) and (F, )

where ™" is defined by (2) is distributive semi group.

Proof: Homomorphisms ¢ and y satisfies (1) because this conditions satisfied on system of free generators. By the propositionl (F,) isa
distributive semi group.

Proposition 3:_ Let {ai} , iel bea system of free generators. Then (F [31 , iel ],) , Where """ is defined by (2) is a free distributive

semi group with a system of free generators {ai } yiel.
The elements from F [ai Jdel ] , have the form
r-1
—ah Ny
(4a).. w=a*Ja)a".
k=2

where

a #a for VZLand N,N, 6{1,2} or
3 »
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(4b) W, =3, (Haik)ail, where @, #@; for V =U.
k=2

Let:
s—1

(5a) w, =a" (1_2[ a,)aj" o
1=
S

(5b) WZ = ah (]1:2[ ah )aj1

From W, =W, = r =sand a,.l = ajl y N, =M, such that the equations (a) or (b) take the form:

k-1 s—1
(6) H a and H a; .
k=2 1=2

From W, # a,.l and W, # aj1 we have

W, :go(a,.l)+d +y/(a,.n):bjl +d +C,_ and
W, =¢(a;)+d+y(a )=b, +d+c;

r s’

From W, =W, = i, = jiand i, = j, sofrom (6) =8 =a ,adr=s,n=m, n=m

It is obvious that for the construction of free distributive semi groups (F [31 Jdel ],) it is not taken minimal commutative idempotent semi

group (F,+).

Let (F ) +) be free commutative idempotent semi group with a system of free generators

tajuibjuicjuidy.

Let ¢ and y be homomorphisms of (F,+) defined as follows:

_abcdnd_abcd
o b ddl ™Y e d ¢ d

Homomorphisms ¢ and 1 satisfy (l) .

Propositiond: (F [a,c],-) is a free distributive semi group with a system of free generators {a} ) {C} where “-” is defined by (2) .
Proof: All elements of F [ @, C ] have the form am,Cn , amc" , c”am,amc”a and €"@"C because by (2) this elements are different in
(F,+) sothey are different in (F [a, b],~) #
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