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The purpose of this paper is to introduce the concept of Hausdorffness in fuzzy biclosure space. We
obtain some important results relating to fuzzy pairwise T, space (in short FP-T,). In particular, we
find that T, satisfy basic desirable properties viz. hereditary, productive and projective properties. T,
Fuzzy biclosure spaces are “good extensions” of the corresponding concepts in a biclosure spaces.
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INTRODUCTION

1.The notions of closure spaces were introduced by Birkhoff,
(1967) and Cech, (1966) independently. Later on Boonpok,
(2010) introduced the notion of biclosure spaces. Such spaces
are equipped with two arbitrary closure operator .Further the
concept of fuzzy closure spaces has been introduced by
Mahhour and Ghanim, (1985) and Srivastava et al. (1994).
Mahhour and Ghanim generalize the concept of Cech closure
spaces while Srivastava et al generalizes the concept of
Birkhoff closure spaces. Later on Tapi and Navalakhe, (2011)
introduced and studied the concept of fuzzy biclosure spaces.
In this paper we have introduced the concept of fuzzy biclosure
space as in (Srivastava ef al., 2016). In this paper we have
introduced Hausdorffness in fuzzy biclosure spaces. We have
studied T, separation axioms in fuzzy biclosure spaces, in
detail. Several important results have been obtain e.g. it has
been observed that T, axioms in a fuzzy biclosure space satisfy
the hereditary, productive and projective properties and also
“good extensions” of the corresponding concepts in a closure
spaces.

2.Preliminaries- Here I and I, will denote the intervals (0, 1)
and (0, 1) respectively. For a set X, I" denotes the set of all
functions from X to L.

*Corresponding author: Manjari Srivastava,
V.S.S.D. College, Kanpur, India.

A constant fuzzy set taking value a € (0, 1) will be denoted by

a If A < X, 1,denotes the characteristic function of A, by A
itself. Any fuzzy set u in A <X will be identified with the
fuzzy set in X, which takes the same value as u for X€A and 0
for x € X-A. Now, we recall the definition of closure
operations on a set X. A fuzzy point ‘x,” in a non empty set X
is a fuzzy set in X, taking value r € (0,1) at x and O elsewhere .
Here x and r respectively called the support and value of x,.. A
fuzzy point x, is said to belong to a fuzzy set A (notation:
x,€A) if r< A(x) .It can be seen easily that (i) X,EA # x; €
coA, (il) x,€ U;jepa 4;i© Xx,€ A; for some i € A and (iii) any
fuzzy set is a union of all fuzzy points belonging to it. A fuzzy
singleton X, in a non empty set X is a fuzzy set in X, taking
value r € (0, 1) at x and O elsewhere. In particular, x; denotes
the fuzzy singleton with support x and value 1. Two fuzzy
points / fuzzy singletons are said to be distinct if their supports
are distinct. A fuzzy singleton X, in a non empty set X is said to
be quasi-coincident with a fuzzy set A in X (Notation: X, q A)
if r + A(x)> 1. If x, is not quasi-coincident with a fuzzy set A
in X (Notation: x; § A). Two fuzzy sets A and B in X are said
to be quasi-coincident if 3 x € X such that A(x) + B(x)> 1. If
fuzzy sets A and B in X are not quasi-coincident, we write A g
B. It can be easily seen that A § B& AccoB. A fuzzy set A in
X is called a constant fuzzy set if there exists some a € I such
that A(x) =a for all x in X. We shall denote this constant
fuzzy set taking value a, by.
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In particular 0 and 1 shall be frequently denoted as ¢ and X
respectively. ForAcX, the characteristic function of A shall be
denoted by A itself or ya All undefined concepts are taken
from Lowen (1976) and Ming and Ming (1980).

Definition 2.1 (Cech, 1966)
A map C: P(X)—> P(X) defined on the power set P(X) of a set

X is called a closure operator on X and the pair (X, C) is called
a closure space if the following axioms are satisfied:

C1))" C(p=¢
(C2)" AcC(A) vV AcX
(C3)" AcB=C(A)cC(B) V ABcX

Now we define fuzzy biclosure space which is parrallel line as
in (Srivastava, 2000)

Definition 2.2 (Srivastava et al., 2016)

A function ¢ I — T, i=1, 2 is called a fuzzy biclosure
operation on X if the following axioms are satisfied:

()" c(@=a ae (0,1),i=0,1

(€2)” Acci(A), VAel

(€3)” AcB = (A cc(B), VABel
(4" cic(A)=c(A), VABel

Definition 2.3- A subset A of a fuzzy biclosure space (X, cy,
C,) is said to be fuzzy closed if:

ci(c2(A) =A

The complement of fuzzy closed set is known as fuzzy open
set.

Definition 2.4- We say that the property “FP” in a fuzzy
biclosure space is a good extension of the corresponding
property ‘P’ in a biclosure space if (X, C;, C,) satisfies ‘P’ iff
(X, wCy, wC,) satisfies “FP”.

Proposition 2.1 (Srivastava et al., 1994)- Let (X, C,, C;) be a
fuzzy biclosure space.Then for all4A € X. A is C;- closed iff 1,
is wC-closed.

Definition 2.5 (Viriyapong et al., 2012)- Let (X,cy,c;) and (Y,
¢l c;) be two fuzzy biclosure spaces and f: (X,c;,¢c0) = (Y,
¢i’, ¢,) be a map. Then f is said to be fuzzy continuous (in
short, F-continuous) if the inverse image of each ¢; - fuzzy
open set (closed set) is c; -fuzzy open set (closed set) for
i=12.

Deﬁnltlon 2.6 (Viriyapong ef al., 2012) - Let (X,cy,c,) and (Y,
¢l o © ) be two fuzzy biclosure spaces and f: (X,c1,¢0) = (Y,
¢l cz) be a map. Then f is said to be fuzzy pairwise
continuous (in short, fuzzy P-continuous) if the maps f;(X,
¢) = (Y, ¢) are fuzzy continuous for i = 1,2.

Definition 2.7- A biclosure space (X,cy,c;) is called pairwise
T,(in short, P-T,) if Vx,y € X, x #y, I UE ¢;, VE ¢ such
thatx € U,y€ VandUNV = ¢.

Definition 2.8 (Viriyapong ef al., 2012)- Let (X,c) be a closure
space. A subset AC X is called a generalized closed set, briefly
a g-closed set, if cA € G whenever G is an open subset of (X,c)
with A € G. A subset A € X is called a generalized open set,
briefly a g-open set, if its complement is g-closed.

Definition 2.9 (Viriyapong ef al., 2012)- Let (X,c) be a closure
space. A subset AC X is called a d-closed set, if cACG
whenever G is a g-open subset of (X,c) with A € G. A subset
A € X is called a d-open set if its complement is d —closed.

Note that- For a subset A of a closure space (X,c), the
following implications hold:-

Ais closed = A is d —closed= A is g —closed.

Definition 2.10- Let (X,cy,c;) be a biclosure space . A biclosure
space (Y, ¢ , ¢y ) is called a subspace of (X,c,¢;) if Y € X and
¢ A=c,ANY foreachi€ {I,2} and each subset A C Y.

Definition 2.11- Let (X,c;,c;) and (Y, cl*, cz*) be a fuzzy
biclosure space . A map f: (X, ¢, ¢) = (Y, ¢, ¢r) is said to
be fuzzy continuous if f (c;u)< ¢, f () for every subset y in X.
In other words, a map f:Xc)—=(,¢q ) is fuzzy continuous
iff ¢ f'(v) < £'(c,’v) for i= 1, 2 and for every fuzzy subset v
inY.

Clearly, if map f: (X, ¢, ¢3) = (Y, cl*, cz*) is fuzzy continuous
then f'(v) isa fuzzy closed set v in (Y, 1, Co).

Definition 2.12- Let (X,c;,c;) be a fuzzy biclosure space . A
fuzzy set p in (X,ci,c;) is called generalized fuzzy closed
briefly g-fuzzy closed, if (c;u)< v whenever v is a fuzzy open
set in (X,cy,cp) with 4 < v. A fuzzy set p in (X,c;,¢,) is called
generalized fuzzy open, briefly g- fuzzy open, if its
complement is g-fuzzy closed.

Definition 2.13- Let (X,c;,c,) be a fuzzy biclosure space . A
fuzzy set u in (X,cy,c,) is called @ -fuzzy closed, if (c;u)< v
whenever v is a fuzzy g-open set in (X,c;,c;) with u < v. A
fuzzy (X,c,c;) is called 0 -fuzzy open if its complement is 0 -
fuzzy closed.

Note that- For a fuzzy set p in a fuzzy biclosure (X,c;,c,) the
following implication hold:-

uis fuzzy closed = pis g- fuzzy closed =  uis d- fuzzy
closed

Relative, sum and product fuzzy closure operations

Here we define relative fuzzy closure operation on a subset 4
of an fbes X, sum fuzzy closure operation on X =UX, for a

family {( X;,c;,c2): t € j} of pairwise disjoint fuzzy biclosure
space and product fuzzy biclosure operation for a family of

fuzzy biclosure space. The definition of relative fuzzy biclosure
operation and the sum fuzzy biclosure operation are defined as.

Definition 3.1- Let (X,c;,¢,) be a fuzzy biclosure space and 4 ©
X .Then the fuzzy closure operation c;4 defined above is called
the relative fuzzy closure operation on 4 and the fuzzy
biclosure space (4,c;4¢,4) is called a fuzzy closure subspace of
Xere).
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Definition 3.2 —Let § = {(X;,c;,cx): t € & } be a family of pair
wise disjoint fuzzy biclosure spaces.Then the fuzzy closure
operation @c;, defined above is called the sum fuzzy biclosure
operation on UX, and the corresponding pair (X, @c;, Dcy) is
called the sum fuzzy biclosure space of the family & .

Now, we define the product fuzzy closure operation for a
¢y ,Cy) 1 je Jibe
a family of fuzzy biclosure spaces and let X=[];c;Xj and
pj:X—>X; be the mapping. Let ¢; :I' >I' be the mapping given
by

family of fuzzy biclosure operation. Let {(X

c(w=inf {vel: v2u, and v=A; pj'l(uj) where each u; is ¢; —
closed}.

Then c is a fuzzy closure operation on X.

Definition 3.3- Let {(X, c;;,cy) : j € J} be a family of fuzzy
biclosure spaces then the fuzzy biclosure operation defined
above is called the product fuzzy biclosure operation on
X=[]x; and the fuzzy biclosure space (X,c;,c,) is called the

product fuzzy biclosure space of the family {(X, c;;,cy) : je J}.
Definition 3.4- (Birkhoff, 1967) Let ¢, and c, be two fuzzy
closure operations on X.The fuzzy biclosure space (X,ci,c5) is
said to be coarser than (X, cl*, cz*) (or that (X, cl*, cz*) is finer

than (X,cy,¢,)) if ¢i(A) S ci*(A) for all AeFF Now we define
Hausdorffness in fuzzy biclosure space.

Hausdorff Fuzzy biclosure spaces

Definition 4.1- A fuzzy biclosure space (X, c;, ¢,) is called

Hausdorff if V pair of distinct fuzzy points x,,ys in X, 3
U,V €cy,cosuchthatx, € U,y; € Vand UNV = ¢ .

Definition 4.2 (Viriyapong et al., 2012)- A fuzzy biclosure
space (X,c;,cp) is said to be a generalized Hausdorff fuzzy
biclosure space, briefly g-Hausdorff fuzzy biclosure space, if
for any two distinct fuzzy points x, ,y, in X withx # y, 3a g-
fuzzy open set p in (X,c;) and g-fuzzy open set v in (X,c,) such
thatx, € u ,y;€v anduAv=_0,.

Definition 4.3 (Viriyapong et al., 2012)- A fuzzy biclosure
space (X,cy,c,) is said to be a d — Hausdorff fuzzy biclosure
space, if for any two distinct fuzzy points x, ,y; in X with x #
y, 3 a d -fuzzy open set u in (X,c;) and 9 -fuzzy open set v in
(X,cy)suchthatx, € u ,y; €v anduAv =0,.

Proposition 4.1- Let (X,c;,c;) and (Y, e ; cz) be a fuzzy
biclosure space. Let f : (X ¢, ¢) = (Y, ¢, ) be injective
and continuous. If (Y, ¢,", ¢,") is a Hausdorff fuzzy biclosure
space, then (X,cy,c;) is a Hausdorff fuzzy biclosure space.

Proof- Let (X,c;,c,) and (Y, cl*, cz*) be a fuzzy biclosure space.
Let f: (X, ¢y, c) = (Y, cl*, cz*) be injective and continuous.
Let x,.,y, € X , x # y, if f be injective and continuous, then
(f(x))., (f(y))s are distinct points of Y such that f(x) # f(y).

To show that-(X,c;,c,) is a Hausdorff fuzzy biclosure space.
Since (Y, ¢ 0 cz*) is a Hausdorff fuzzy biclosure space, 3 open
sets G and H such that (f(x)),€ G, (f(y))s€ Hand GNH = ¢ .

Then x, € £'(G) y, € £'(H),

£1(G) Nf'(H)=f' (GNH)

=1 (¢)

= ¢, it showing that( X,ci,c;) is a Hausdorff
biclosure space.

Theorem-4.1- Let (X, ¢y, ¢;) be a biclosure space .Then (X, c;,
¢,) is P-Ty, iff (X, wCy, wC,) is FP-T, (7).

Proof- Let (X, ¢y, ¢;) is P-T,, to show that (X, wC,, wC,) is FP-
T,. Let any pair of distinct fuzzy points x,, y; in X. Then x+#y.
Since (X, ¢y, ¢;) is P-T, 3U € ¢, VE ¢, such that x € U,y € V
andUNV = ¢. Now consider y,, yy. Then y,€ wC;, x € wC,,

C Xu,¥s € xy and y, Ny,= ¢, it showing that (X, wC;,
wCy) is FP-T, (i).

Conversely, let (X, wC;, wC,) is FP-T, (i). To show that (X, ¢,
cy) is P-T,, let x, y€ X, x#y. Letr € (0,1). Then x,,y, are
two distinct fuzzy points in X so 3U € wC;, V€ wC, such that
x, €U,y € Vand UNV = ¢. Now consider U'(r, 1), V' (r,
1). Then U'(r, 1)€C,, V' (r, 1) ECyand x € U'(r, 1), y € V!
(r, Dand U'(r, 1) N V' (1, 1) = ¢, it showing that (X, ¢, ¢,) is
P-T,.

Theorem-4.2- {(X,c;; ¢1)):
biclosure spaces. Then the product space ([1X; [Ics [1c2) is
FP-T, iff each coordinate fuzzy biclosure spaces is FP-T,.

ie A} be a family of fuzzy

Proof- Let each coordinate space be FP-T,. Then to show that
the product space is FP-T,, take any two distinct fuzzy points
X, Ys In X=[[X;. Then x=y. Letx = [[x;,y =[ly;, then

x; #y; for some je A. Now consider the distinct fuzzy

points(x;); and (y;), in Xj. Since (X;c;; ¢z) is FP-T,, 3 disjoint
fuzzy open sets U; €cy;, Vj Ecy; such that (x;).€ Uj, (¥;)€ V

UjNV;= ¢. Now consider the fuzzy open sets U = [, v =
[V; in X, whereU; = V] =X fori #j, and U} =U; =V
fori = j. Then x,. € U, y;, €V ,UNV = ¢. Hence the product
fuzzy biclosure space is FP-T, (i).

Conversely, Let the product space be FP-T,. Take the
coordinate space say (X;cj; cz), let consider the two distinct
fuzzy points(x;), and (y;); in Xj. Construct two fuzzy points

X,, Vs in X such that x = [[x;, ¥ = [[y; , where x]t = [Iv;, for
i #jand x; = x;,y;
in X and now using that ([]X; [Icss [1c2) is FP-T, , 3 fuzzy
open sets U € [[cy;, V € []cy, such that x,. € U, y; €V and
UNV = ¢. Now since U is fuzzy open in []Jc;; and x, € U 3

= y;, then x,., y, are distinct fuzzy points

fuzzy open sets [JU; in [] ¢;; such that.

x. €IU; € U, (1)
and similarly 3 a basic fuzzy open say [[V; in [Jc; such that
x; €IV, €V, (2)
From (1)

r< i’lff U/ () = 1 <U;(x) V ied 3)
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And From (2)

s < i’lff V) = s <V ) v icdA 4)

Now consider U]-'andV]-', further, we claim that Uj’ﬂ V] = ¢ for
if not, then 3 z; € X; such that.

Ui(z;) > 0 And V; (z;) > 0 5)

Now let z = []z; where z; = x for i #j and Z]: = z; them
[1U;(2) > 0 in view of (3), (4) and (5) which is a contradiction
since[[U; € U,[IV; € V andUNV = ¢ . Hence (X,c;; cz) is
FP-T, (7).

Theorem-4.3- Every closed subspace of a Hausdorff fuzzy
biclosure space is Hausdorff.

Proof- Let (X, ¢, ¢;) be Hausdorff space and let (Y, cja, C2a)
be a closed subspace of (X, ¢, ¢y)i.e. Y € X.

To show that- (Y, ¢, c24) isHausdorff i.e.T,.

Let x,, ys be two distinct points of Y. Since YcX. x,., y; are

also two distinct points of X. Since (X, ¢y, ¢;) is a T, space, 3

G € ¢y, H € ¢; such that GNH = ¢. Let G be c;- closed and H
be c,- closed.

Let GNYE ¢4 and HNYE cy4.Then for x,,y: € Y, 3 Gy =

GNY € ¢; and Hy = HNY € c, (Finite intersection of closed
sets is closed).

G,N Hy=(GNY) N (HNY)
=(GNH) NY
=¢pNY
=¢

Showing that (Y, 4, C24) is also T.

Conclusion

In this paper we have introduced and studied Hausdorffness in
fuzzy biclosure space. We observed that our definition of
Hausdorffness satisfies fundamental properties viz. hereditary,
productive and projective properties. It is also good extension
of the corresponding concept in closure space.Some more
results relating to Hausdorftness is also obtained.
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