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INTRODUCTION

Let 2 denote the class of functions of the form

o0

f(z)=l+2an2" .......................................... (1.1)
zZ

n=1

Which are analytic in the punctured open unit disk
D :{Z:ZEC,O<|Z|<1}=D\{O}
with a simple pole at the origin and residue 1 there.

Let X, denote the subclass of 2 consisting of functions f(z) which are convex with respect to the origin, i.e. satisfying the

condition:

RJ— 1+% >0.(2€D") oo (1.2)

Let X, () denote the subclass of 2 consisting of functions f(z) which are convex of order  ,i.e. satisfying the condition
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R{—(l+%}}>a.(zeD*;0£a<l) ..................................... (1.3)
z

and similar other classes of meromorphically univalent functions have been defined and studied by Altintas et al.[1], Aouf[2,3],
Ganigi and Uralegaddi[6],Uralegaddi[9],Uralegaddi and Ganigi[10] and others.

Let 2, (a, 4, B) denote the class of functions f(z) in X which satisfy the condition

‘ 6
/(@)

zf"(z) v
B(1+J”(Z)J+[B+(A B)(1-a)]

<l (1.4)

(zeD*0<a<l;-1<A<B<1,0<B<L])
We note that X, (a,—11) =Z . (&) .

Let A denote the subclass of 2 consisting of functions of the form

o0

f@=1-3

n=l1

a,z" e (1.5)

Now in the following definition, we define a subclass A, (&, 3, A, B) for functions in the class 2 .

Definition 1.1: A function f(z) defined by (1.5) is in the class A, (&, S, 4, B) if it satisfies the condition

‘ 7'G)
/@)

2f"(2) _BY1—
B(1+ e ]+[B+(A B)(1-a)]

(zeD*0<a<l;,0<f<1;-1<A<B<L1;0<B<L])

For the class A, («x, 3, A, B) ,the following characterization was given bySrivastava et al. [8].

Theorem 1.1: Let the function f(z) defined by (1.5) be analytic in D* .Then f(z) € A (&, 3, A, B)if and only if

S alln+1)+ plBn+(B- A+ Alfa,|<(B-P1-a). e 1.7

n=1

For a function f(z) defined by (1.5) and in the class A, (&, 5, A, B) ,Theorem 1.1 yields

(B-Apd-a)

S o (1.8)
2+ BB+ (B-A)a + A]
Hence we may take
B-A)pl-a)l
. ( )A( ) LA <A< i (1.9)

T 24 BB+ (B-A)a+ A]
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Motivated by the works of Aouf and Darwish[4],Aouf and Joshi[5],Sivasubramanian et al.[7], we now introduce the following
class of functions and use the similar techniques to prove our results.

Letclass A, (a, 5,4, B, A) be the subclass of A, (&, B, A, B) consisting of functions of the form

1 B-Hpl-0)d ¥ B "
_ﬂ@_z 2+ﬂB+w—Am+Af Z?“WHH¢MM+w A+ Aa,z" oo (1.10)
where 0 < A < 1.

In this paper, we obtain coefficient inequalities, extreme points, distortion and growth bounds, radii of meromorphically
starlikeness and meromorphically convexity for the class A, (e, f, A, B, A) by fixing the second coefficient. Further it is shown

that the class A, (ax, B, A, B, A) is closed under convex linear combinations.

2.Cofficients Inequalities

Theorem 2.1:Let the function f(z) is defined by (1.10). then f(z) € A, (a, S, 4,B, 1)
iff

S nl(n+1)+ plBn+ (B - Ay + Alja,| < (B - A)p(1-a)1- ). o

e e e
The result is sharp.

Proof: By putting

_ (B-4)pd-a)i
2+ B[B+(B-A)a+ A]

O 03 ) DT 2.2)

1

in (1.7),the result is easily derived. The result is sharp for the function

Il B-DHpld-a)r (B-Apl-a)1-2) o

fz)=— 220, (2.3)
z 2+ pB[B+(B-A)a+ A} n{(n+1)+ p[Bn+(B—-A)a + A]}
Corollary 2.2: If the function f(z) defined by (1.10) is in the class A, (e, §, 4, B, 1)
then
a, < (B-Apl-a)1-4) S 2 e 2.4)
n{(n+1)+ p[Bn+(B—-A)a + A]}
The result is sharp for the function f(z) given by (2.3).
3. DISTORTION THEOREMS
Theorem 3.1: If the function f(z) defined by (1.10) is in the class A, (a, 5,4, B, ).
Then for 0 < |Z| =r <1, we have
L B-apl-ar  B-Hpl-a)i-D)
r 24+ p[B+(B—-A)a+ 4] 2{3+ B[2B+(B—- A)a + A]} 1)

<ffig)s LB DBz (B-HE1-a)I=A)
r 2+ BB+(B-Aa+A] 23+ P2B+(B-A)a+ A]}

Where equality holds true for the function
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1 B-Hpl-a)4 _ (B-A)pl-a)1-1)

f(z) =—- Z% e, (3.2)
2+ fIB+(B—A)a+ A] 2{3+ P[2B+(B—A)a+ A]}
and
1 B-AHpl-0)4  (B-A)p(l1-a)1-4)
r* 2+ B[B+(B-Aa+Al {3+ pP[2B+(B-A)a+ A]} 53)
s Ly B=DFU-L  (B-DHE1-a)i-1)
r- 2+ p[B+(B-Aa+A4] {3+ pP[2B+(B-A)a+ A]}
Proof: Since f(Z) € AK (a,ﬂ, A, B, 1) ,then from theorem (2.1)
2 < (B-A)pd-a)l-4) .
n l’l{(l/l+1)+ﬂ[Bl’l+(B—A)0(+A]} ............................................... (3.4)
Then for 0<|Z|=r<l
1 (B-A)p1-a)d .
YOE |z|+2+ﬂ[B+(B—A)a+A]|Z|+;a”Z
Sl+ (B—A),B(l—a)/i r+r2ian
r 2+ pB[B+(B-A)a+ A] =
<l+ (B_A)ﬂ(l_a)}L r+ (B=A)pd=a)1-4) P e e e (3.9

r 24+ B[B+(B-A)a+ A] 2{3+ PI2B+(B—-A)a + A}

and
o2 g S
S (B-A)B1-a)d r—r2ian
¥ 2+ B[B+(B-Aa+ A] p
>1 (8- A)p1-a) po_B=Dpl-x)d=4H) . (3.6)

_r_2+,B[B+(B—A)a+A] 2{3+ p[2B+(B— A)a + A]}
Thus (3.5) and (3.6) together yield (3.1).

Further more,from theorem 2.1,it follows that

na, < (B-Apd-a)d=-1) ST Z 20 e e e e 3.7
{3+ pP[2B+(B-A)a+ A}

Then for 0 <|z| = r < 1 and using(3.7),we obtain
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n—1

Z

: I B-A)pl-a)2 &
1@< 7] +2+ﬂ[B+(B—A)a+A]+,,Z=2:na"

L B-Apl-ai | (B-AH1-a)1-2)
ot 24 B[B+(B-Aa+ Al 3+ B2B+(B- A)a + A]}

, 1 (B-4)pl-mi 3 -
and |f(Z)|2‘_ | 2+ BB+ (B- A+ 4] 21z
Lo B-apl-or B-Apl-a-H

r 2+ BB+ (B-A)a+ A] {3+ pP[2B+(B-A)a+ A]}
Thus (3.8) and (3.9) together yield (3.3).
4. CLOSURE THEREMS

Theorem 4.1: If

fm=l (B=DPU-a)
z 24+ pB[B+(B-A)a+ A]

Z e e e e 4.1)

P PR S € AV L3V S S BV (7 B R
2+ p[B+(B—-A)a+ A] mn{(n+1)+ pB[nB+(B—-A)a + A}

Then f(z) € Ay (e, B, A4, B, A)ifand only if it can be expressed in the form

f(z) = i T €3 R (43)

where 1, ZOandz,un =1.

n=1

Proof: From (4.2) and (4.3), we have

1@ = w12 = mfi(2)+ Y 10,1, (2)

1 G-dp-ol | (B-dpi-ai-A,
z 2+4BB+(B-Aa+A4] Snl(n+1)+BnB+(B- Ao+ A]}

c (B-A)p1-a)l-Du,
Sn{i(n+1)+ p[nB+(B—-A)a+ A}

=3 (B- (- a)1- D,

Since

n{(n+1)+ BnB+ (B — Aa + A]}

—(B-p1-a)(1-DY 4,
<(B-A)B(-a)1-A).

...(3.8)

....... (3.9)

Cn(422)
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So from theorem (2.1)1t follows that f(z) e A (a, B, 4, B, 1)

Conversely letf(z) e A (a, B, 4, B, 1).

Since

(B-A)pd-a)1-2)

a, < ,n=2.
n{(n+1)+ p[Bn+ (B — A)a + A]}

Setting
u = n{(n+1)+,b’[Bn+(B—A)a+A]}a
! (B-A)pl-a)1-2) !
and ©
ﬂl = 1 - Z /“ln
n=2
It follows that

f@zimﬁ@-

This complete the proof.
Theorem 4.2: The class f(z) € A (e, B, A, B, A) is closed under convex linear combinations.

Proof: Suppose the function f(z) be given by (1.10) and let the function g(z) be given by

1 (B-ABU-)A &y
g(z) = 2+ﬂ[B+(B—A)a+A]Z ;bnz =2,

Assuming that f(z) and g(z) are in the class A . (&, 3, A, B, A), it is enough to prove that the function h(z) defined by
h(z)=uf (2)+(1-w)g(z),0 < u<l.

is also in the class AK (o, ﬂ, A.,B, A) Since

B-ApU-r . Sy,

h(z)—l—
"z 24BB+(B-Aa+4] =

n
z .

We observe that

in{(n +1)+ [ Bn+(B— A)a + Al}|ua, +(1- )b,

n=2

<(B-ABA-a)1-A)

with the aid of theorem 2.1.Thus 4(z) € A, (e, f, 4, B, 1) .
5.RADIUS OF STARLIKENESS AND CONVEXITY

Theorem 5.1: Let the function f(z) defined by (1.10) be in the class AK (a, B, A, B, A) then we have
(i) f is meromorphically starlike of order 5(0 < & < 1) in the disk |Z| <r(a,pB,A,B,A,0)where

r(a, B,A,B,A,0) is the largest value for which
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(B-0)B-A)p(l-a)d
2+ pB+(B-A)a+A]

r+ (n+2-0)B-A)pU-a)l=-4) P <= 6n =20 (5.1
n{(n+1)+ p[Bn+ (B - A)a + A]}

(ii)f is meromorphically convex of order 5(0 < & < 1) in the disk|Z| <n(a,B,A4,B,1,0) wherer,(a, S, A, B, A,0) is the
largest value for which

G-OB-AF(-a) o, (1+2-)B-DU-a)1-2) s 5 5 52)
2+ B+ (B-Aa + Al {(n+1)+ B[Bn+ (B - A)a + A]} a o '
Proof: It is enough to show that
M+1§1—5,z<r1.
f(2)

Thus we have

__2B=Dpl=a) z— i(n +1a,z"
|21"(2) 24 BB+(B-Aa+4 = "
| = | SRR T T AT a2, (5.3)
| f(2) ‘ 1 (B-Apl-a)i

Z—Zanz"
z 2+pBB+(B-Aa+A4 5

Hence (5.3) holds ture if

LRV VIV EUE SR
2+ BB+ (B-A)a+ A o !

_ _ (B-A)pd-a)d 1 N n+l

=( 5){1 21 BB+ (B-Aa+4d 2 }

n=2

or,

G-)B-DfA-@h 2 &
Pt ABr (Bt O <00

n=2

and it follows that from (2.1),we may take

(B-A)pl-a)l-1)
"T n{(n+1)+ B[Bn+(B-A)a+ A}’

n2.

For each fixed r, we choose the positive integer 7, = 1,(#,) for which

(n+2-0) ;
n{(n+1)+ p[Bn+(B—-A)a + A}

n+l

is maximal. Then it follows that

o0

S (n 42— dya < WFI=NE=HBA=U=A) .
n=2 ! - n1{(n1 +1)+IB[Bn1 + (B—A)O!—i— A]}

Then f(z) is starlike of order § in 0 < |Z| <rn (o, ﬁ ,A,B, A, 5) provided that

(B-9)B-A)SA-a)A -

(n,+2-0)(B-A)p(1l-a)l-1)
2+ B+ (B-A)a+A]

n{(n, +1)+ p[Bn, +(B—A)a + A]}

Fitt<1-6.
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We find the valuer, = 7,(a, f,4,B,4,0) and the corresponding integer 7, = n,(#;) so that

B-9)B-ASU-a)A >, 1 +2-0)B-AHF1-a)(-4) .
2+ [BB+(B-A)a+A] n{(n, +1)+ B[Bn, +(B—A)a + A]}

-1-

It is the value for which the functionf(z) is starlike in 0 < |2| < 7;.

(i1) In a similar manner, we can prove our result providing the radius of meromorphically
convexity of order §(0 < § < 1) for the function A (&, 5, A, B, A)
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