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The dynamical analysis and microcontroller implementation of Josephson junction 
quadratic damping and topological nontrivial barrier (JJOQDTNB) is investigated in this paper. 
JJOQDTNB is described by nonlinear 
periodic superconducting current. 
JJOQDTNB
state is unstable. 
oscillations and coexistence between limit cycle and chaotic oscillation
and microcontroller implementation results of
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INTRODUCTION 
 

Recent progress in condensed matter physics and superconductivity have led to significant shift in the development of quantum
various dimensions. The potential for researchers to read out, control the energy states, and experiment with superconductor circuits has posed a
significant challenge for a considerable number of years. A notable and noteworthy phenomenon arising from superconductivity 
tunneling [1]. The phenomenon whereby electrons tunnel across a potential barrier comprising two superconductor layers without dissipation
energy and power bias is known as the Josephson Effect. In the contemporary era of technological headway, this field has witn
shift towards the integration of quantum circuits, which have emerged as a pivotal component of modern technological applicat
of these applications is manifold and encompasses; voltage standards, highly sensitive detectors, th
superconductor electronic devices such as terahertz pulse generators 
[7].  
 
In the literature, there are two main models employed for describing the JJ; resistive capacitive shunted JJ 
inductive shunted JJ [11–13]. In superconducting quantum circuits, regular damping and nonlinear damping occurs under temperatures and 
voltages conditions [14]. Superconductors properties has prompted rigorous research investigation in the physics of Majorana bound states, 
which employ the search for topological superconductor and the existence of 
theoretical exploration of Majorana bound states and topological quantum computing occurred between 2000 and 2010 and over th
decade (2010–2020), a transitioned in the concepts gradually trend down to practical implementations. The 
phase relation in JJ associated to Majorana particles is an interesting aspect of topological superconductor

Shapiro steps in the presence of a 4  periodic Josephson current component unveiled by Park 
fractional Josephson effect in topological JJs probed by Yeongmin an
2π- and 4π-periodic supercurrents [23]. The motivation of this paper is the investigation of dynamical behaviors of 
NRCLSJJ with 4π-periodic superconducting current
microcontroller implementation are studied in Section 2 and Section 3 unveils the conclusion.
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ABSTRACT 

The dynamical analysis and microcontroller implementation of Josephson junction 
quadratic damping and topological nontrivial barrier (JJOQDTNB) is investigated in this paper. 
JJOQDTNB is described by nonlinear resistive capacitive inductive shunted JJ (NRCLSJJ) 
periodic superconducting current. Two steady-states are obtained from
JJOQDTNB. According to the Routh-Hurwitz criteria, one steady
state is unstable. JJOQDTNB exhibits periodic oscillations, period doubling route to chaotic 
oscillations and coexistence between limit cycle and chaotic oscillation
and microcontroller implementation results of JJOQDTNB show a good qualitative agreement.
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Recent progress in condensed matter physics and superconductivity have led to significant shift in the development of quantum
The potential for researchers to read out, control the energy states, and experiment with superconductor circuits has posed a

significant challenge for a considerable number of years. A notable and noteworthy phenomenon arising from superconductivity 
. The phenomenon whereby electrons tunnel across a potential barrier comprising two superconductor layers without dissipation

energy and power bias is known as the Josephson Effect. In the contemporary era of technological headway, this field has witn
shift towards the integration of quantum circuits, which have emerged as a pivotal component of modern technological applicat
of these applications is manifold and encompasses; voltage standards, highly sensitive detectors, the design of parametric amplifiers, 
superconductor electronic devices such as terahertz pulse generators [2–5], phase qubits [6], and superconducting quantum interferen

In the literature, there are two main models employed for describing the JJ; resistive capacitive shunted JJ 
. In superconducting quantum circuits, regular damping and nonlinear damping occurs under temperatures and 

. Superconductors properties has prompted rigorous research investigation in the physics of Majorana bound states, 
which employ the search for topological superconductor and the existence of pairing gap in the bulk and gapless surfaces 
theoretical exploration of Majorana bound states and topological quantum computing occurred between 2000 and 2010 and over th

concepts gradually trend down to practical implementations. The 
phase relation in JJ associated to Majorana particles is an interesting aspect of topological superconductor

periodic Josephson current component unveiled by Park et al. [21]
fractional Josephson effect in topological JJs probed by Yeongmin and Yong-Joo [22]. Domínguez et al. studied JJ dynamics in the presence of 

. The motivation of this paper is the investigation of dynamical behaviors of 
periodic superconducting current. This paper is organized as follow. The theoretical analysis of 

microcontroller implementation are studied in Section 2 and Section 3 unveils the conclusion. 
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The dynamical analysis and microcontroller implementation of Josephson junction (JJ) oscillator with 
quadratic damping and topological nontrivial barrier (JJOQDTNB) is investigated in this paper. 

apacitive inductive shunted JJ (NRCLSJJ) with 4π-
states are obtained from the rate equations describing 

Hurwitz criteria, one steady-state is stable and the other steady-
exhibits periodic oscillations, period doubling route to chaotic 

oscillations and coexistence between limit cycle and chaotic oscillations. The numerical simulations 
show a good qualitative agreement. 
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Recent progress in condensed matter physics and superconductivity have led to significant shift in the development of quantum circuits with 
The potential for researchers to read out, control the energy states, and experiment with superconductor circuits has posed a 

significant challenge for a considerable number of years. A notable and noteworthy phenomenon arising from superconductivity is the quantum 
. The phenomenon whereby electrons tunnel across a potential barrier comprising two superconductor layers without dissipation of 

energy and power bias is known as the Josephson Effect. In the contemporary era of technological headway, this field has witnessed a paradigm 
shift towards the integration of quantum circuits, which have emerged as a pivotal component of modern technological applications. The scope 

e design of parametric amplifiers, 
, and superconducting quantum interference devices 

In the literature, there are two main models employed for describing the JJ; resistive capacitive shunted JJ [8–10], and the resistive capacitive 
. In superconducting quantum circuits, regular damping and nonlinear damping occurs under temperatures and 

. Superconductors properties has prompted rigorous research investigation in the physics of Majorana bound states, 
pairing gap in the bulk and gapless surfaces [15–17]. The 

theoretical exploration of Majorana bound states and topological quantum computing occurred between 2000 and 2010 and over the subsequent 
concepts gradually trend down to practical implementations. The periodic behavior of the current-

phase relation in JJ associated to Majorana particles is an interesting aspect of topological superconductor [18-20]. The characterization of 

[21]. Optimal conditions for observing 
studied JJ dynamics in the presence of 

. The motivation of this paper is the investigation of dynamical behaviors of JJOQDTNB described by 
. This paper is organized as follow. The theoretical analysis of JJOQDTNB and its 
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Analysis of JJOQDTNB and its microcontroller implementation: The rate equations of Josephson junction oscillator with quadratic damping 
and topological nontrivial barrier is given by [24-26]: 
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where v the voltage of resistive capacitive inductive shunted JJ (RCLSJJ), ei  the external bias current source, li the current developed across 

the inductor, 2 1    the phase difference across the two superconductors, k the constant of nonlinear resistor and ,L C  the 

positive parameters  of System (1). System (1) has two steady states:   1 n    0, 0, A2 rcsi eS i  and    2 s   20, 0, Arc in eS i  for

1ei  and no steady states for 1ei  . The characteristic equation is given by: 
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(2) 

 
According to the Routh-Hurwitz stability criteria, the steady state   1 n    0, 0, A2 rcsi eS i is stable and the steady state    2 s   20, 0, Arc in eS i  is 

unstable. 
 
Figure 1 presents the largest Lyapunov exponents (LLE) of system (1) in the parameter space   , ek i . 

 

 
Figure 1. LLE of system (1) in the plane   , ek i for 4.21L  and 8 .5 1C  . The initial conditions are         0 , 0 , 0 0.0, 0.0, 1.0        lv i   . 

 
In Figure 1, chaotic areas have LLE>0 shown by the yellow, green and light blue colours. The periodic areas have LLE<0 shown by blue colour. 

The bifurcation diagram of v and LLE as function of ei  are depicted in Fig. 2. 

 

 
 

Figure 2. Local maxima of v (a) and associated LLE (b)versus ei for 1.58C  , 4.21L  , and 0.03k   
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Figure 2 (a) reveals period-2 oscillation to coexistence at 

monostable complex zones with periodic zones to reverse period doubling, a long range of period
dynamical behaviors found in Fig. 2 (a) are confirmed by the LLE of Fig. 2(b). The dynamical behaviour found in Fig. 2 are depicted in Fig. 3.
 
 

Figure 3. Phase portraits of system (1) in the plane 

1.3ei  . The initial conditions     v 0 , 0 , 0 4 0        li 

Coexistence between limit cycle and chaos is shown in Fig. 3 (a) and monostable chaos is displayed in Fig. 3 (b).
 
The microcontroller implementation of system (1) is done to verify the dynamical behaviors found in system (1) via numerical 
Figure 4 presents the set up used for this purpose 
 

Figure 4. Microcontroller implementation representationofsystem (1

Arduino Uno of In Figure 4 is embedded with a microcontroller chip which plays the role of the central processing unit 
instructions provided by the code. The microcontroller reads the inputs, processes the data and then controls the output. Onc
compiled, it is then exported to the Proteus Software which is equally installed in the laptop. The
simulates various graphics based on specific initial conditions and parameter values of system (1).
are established in Fig. 5 from the microcontroller implementati
 

 
(a) 

 

Figure 5. Phase portraits of System (1) in the plane 

using the initial conditions and parameters in Fig. 3 (a) (black lines), 
3 (a) (cyanlines) and(c) is obtained by using the initial condition and parameters in Fig. 3 (b

It is note that there is good qualitative correlation between Figs. 3 and 5. 
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2 oscillation to coexistence at 1.2ei   between chaotic zone and period doubling, preceded by interception of 

monostable complex zones with periodic zones to reverse period doubling, a long range of period-2 oscillation and finally to limit circle. The 
e confirmed by the LLE of Fig. 2(b). The dynamical behaviour found in Fig. 2 are depicted in Fig. 3.

. Phase portraits of system (1) in the plane   , lv i with 1.58C  , 0.03k  , 4.21L  and for given value of

  v 0 , 0 , 0 4 0        .5, 0.0, 1.  , and         v 0 , 0 , 0 0 0        .0, 0.0, 1.li   , align with plots in cyan and black, 

respectively. 
 

Coexistence between limit cycle and chaos is shown in Fig. 3 (a) and monostable chaos is displayed in Fig. 3 (b).

The microcontroller implementation of system (1) is done to verify the dynamical behaviors found in system (1) via numerical 
 

 
Microcontroller implementation representationofsystem (1)

 
Arduino Uno of In Figure 4 is embedded with a microcontroller chip which plays the role of the central processing unit 
instructions provided by the code. The microcontroller reads the inputs, processes the data and then controls the output. Onc
compiled, it is then exported to the Proteus Software which is equally installed in the laptop. The latter has an inbuilt virtual oscilloscope that 
simulates various graphics based on specific initial conditions and parameter values of system (1). The dynamical behaviors found in system (1) 
are established in Fig. 5 from the microcontroller implementation set up of Fig. 4. 

 
(b) (c) 

Phase portraits of System (1) in the plane   , lv i obtained via microcontroller implementation of Fig. 4: 

using the initial conditions and parameters in Fig. 3 (a) (black lines), (b) is obtained by using the initial conditions and parameters in Fig. 
is obtained by using the initial condition and parameters in Fig. 3 (b

 
It is note that there is good qualitative correlation between Figs. 3 and 5.  

 

International Journal of Current Research, Vol. 18, Issue, 01, pp.35931-35934, January
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2 oscillation and finally to limit circle. The 
e confirmed by the LLE of Fig. 2(b). The dynamical behaviour found in Fig. 2 are depicted in Fig. 3. 

 

and for given value of ei : (a) 1.2ei  and

, align with plots in cyan and black, 

Coexistence between limit cycle and chaos is shown in Fig. 3 (a) and monostable chaos is displayed in Fig. 3 (b). 

The microcontroller implementation of system (1) is done to verify the dynamical behaviors found in system (1) via numerical simulations. 

 

) 

Arduino Uno of In Figure 4 is embedded with a microcontroller chip which plays the role of the central processing unit that executes the 
instructions provided by the code. The microcontroller reads the inputs, processes the data and then controls the output. Once the code is 

latter has an inbuilt virtual oscilloscope that 
The dynamical behaviors found in system (1) 

 

obtained via microcontroller implementation of Fig. 4: (a) is obtained by 

is obtained by using the initial conditions and parameters in Fig. 
is obtained by using the initial condition and parameters in Fig. 3 (b) 
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CONCLUSION 
 
This paper was devoted to the dynamical analysis and microcontroller implementation of Josephson junction oscillator with quadratic damping 
and topological nontrivial barrier (JJOQDTNB). Two steady-states were found in the rate equations describing JJOQDTNB have. The Routh-
Hurwitz criteria was demonstrated that one steady-state was stable and the other steady-state was unstable. The numerical simulations were 
revealed that JJOQDTNB displayed periodic oscillations, period doubling route to chaotic oscillations and coexistence between limit cycle and 
chaotic oscillations. The microcontroller implementation of JJOQDTNB was used to confirm the results obtained during the numerical 
simulations. 
 

REFERENCES 
 
Ali, I. A. Rasheed, M. S. Anwar, M. Irfan, and Z. Hussain, “Fractional calculus approach for the phase dynamics of Josephson junction,” Chaos, 

Solitons and Fractals, vol. 143, pp. 1105721–11, 2021, doi: 10.1016/j.chaos.2020.110572. 
Suzuki, M. M. Hayashi, and H. Ebisawa, “Nonlinear dynamics and resistive transition in intrinsic Josephson junctions,” J. Phys. Chem. Solids, 

vol. 69, no. 12, pp. 3253–3256, 2008, doi: https://doi.org/10.1016/j.jpcs.2008.06.135. 
Machida M.and T. Koyama, “Localized rotating-modes in capacitively coupled intrinsic Josephson junctions: Systematic study of branching 

structure and collective dynamical instability,” Phys. Rev. B, vol. 70, no. 2, p. 24523, Jul. 2004, doi: 10.1103/PhysRevB.70.024523. 
Shukrinov, Y. M. F. Mahfouzi, and P. Seidel, “Equidistance of branch structure in capacitively coupled Josephson junctions model with 

diffusion current,” Phys. C Supercond., vol. 449, no. 1, pp. 62–66, 2006, doi: https://doi.org/10.1016/j.physc.2006.06.054. 
Machida, M. T. Koyama, A. Tanaka, and M. Tachiki, “Collective dynamics of Josephson vortices in intrinsic Josephson junctions: exploration of 

in-phase locked superradiant vortex flow states,” Phys. C Supercond., vol. 330, no. 1, pp. 85–93, 2000, doi: https://doi.org/10.1016/S0921-
4534(99)00613-9. 

Clarke J. and F. K. Wilhelm, “Superconducting quantum bits.,” Nature, vol. 7198, no. 4, pp. 1031–1042, 2008. 
Pozzo E. N.and D. Domínguez, “Fidelity and quantum chaos in the mesoscopic device for the Josephson flux qubit,” Phys. Rev. Lett., vol. 98, 

no. 5, p. 057006, 2007. 
Dana, S. K.D. C. Sengupta, and K. D. Edoh, “Chaotic dynamics in Josephson Junction,” IEEE Trans. Circuits Syst. I Fundam. Theory Appl., vol. 

48, no. 8, pp. 990–996, 2001, doi: 10.1109/81.940189. 
Kingni, S. T.K. Rajagopal, S. Çiçek, A. Cheukem, V. K. Tamba, and G. F. Kuiate, “Dynamical analysis, FPGA implementation and its 

application to chaos based random number generator of a fractal Josephson junction with unharmonic current-phase relation,” Eur. Phys. J. 
B, vol. 93, no. 3, pp. 1–11, 2020, doi: 10.1140/epjb/e2020-100562-9. 

Likharev, K. K.  Dynamics of Josephson junctions and circuits (5th edition). 1986. 
Kingni, S. T. G. F. Kuiate, R. Kengne, R. Tchitnga, and P. Woafo, “Analysis of a No Equilibrium Linear Resistive-Capacitive-Inductance 

Shunted Junction Model , Dynamics , Synchronization , and Application to Digital Cryptography in Its Fractional-Order Form,” WILEY, 
Hindawi, vol. 2017, pp. 1–12, 2017, doi: 10.1155/2017/4107358. 

Neumann E. and A. Pikovsky, “Slow-fast dynamics in Josephson junctions,” Eur. Phys. J. B, vol. 34, no. 8, pp. 293–303, 2003, doi: 
10.1140/epjb/e2003-00225-1. 

Yang X. S. and Q. Li, “A computer-assisted proof of chaos in Josephson junctions,” Chaos, Solitons and Fractals, vol. 27, no. 1, pp. 25–30, 
2006, doi: 10.1016/j.chaos.2005.04.017. 

Venkatesh, J.  A. T. Kouanou, I. K. Ngongiah, D. C. Sekhar, and S. T. Kingni, “Dynamical Probing and Suppressing Chaos Using Genetic 
Algorithms in a Josephson Junction Model with Quadratic Damping Embedded in the Microcontroller Implementation,” J. Vib. Eng. 
Technol., vol. 13, no. 1, p. 8, 2025. 

Read N. and D. Green, “Paired states of fermions in two dimensions with breaking of parity and time-reversal symmetries and the fractional 
quantum Hall effect.,” Phys. Rev. B, vol. 61, no. 15, p. 10267, 2000. 

Ivanov, D. A. “Non-Abelian Statistics of Half-Quantum Vortices in p -Wave Superconductors,” Phys. Rev. Lett., vol. 86, no. 1, pp. 1–4, 2001, 
doi: 10.1103/PhysRevLett.86.268. 

Qi X. L.and S. C. Zhang, “Topological insulators and superconductors,” Rev. Mod. Phys., vol. 83, no. 10, pp. 1–54, 2011, doi: 
10.1103/RevModPhys.83.1057. 

Fu L. and C. L. Kane, “Superconducting Proximity Effect and Majorana Fermions at the Surface of a Topological Insulator,” Phys. Rev. Lett, 
vol. 100, no. 9, p. 096407, 2008, [Online]. Available: https://link.aps.org/doi/10.1103/PhysRevLett.100.096407. 

Dominguez, F.  F. Hassler, and G. Platero, “Dynamical detection of Majorana fermions in current-biased nanowires,” Phys. Rev. B, vol. 86, no. 
14, pp. 1405031–5, Oct. 2012, doi: 10.1103/PhysRevB.86.140503. 

Hasan M. Z.and C. L. Kane, “Colloquium: Topological insulators,” Rev. Mod. Phys., vol. 82, no. 12, pp. 3045–3067, 2010, doi: 
10.1103/RevModPhys.82.3045. 

Park, J. Y. B. Choi, G. H. Lee, and H. J. Lee, “Characterization of Shapiro steps in the presence of a 4π-periodic Josephson current.,” Phys. Rev. 
B, vol. 103, no. 23, p. 235428, 2021. 

Jang Y.and Y. Joo, “Optimal conditions for observing fractional Josephson effect in topological Josephson junctions,” J. Korean Phys. Soc., vol. 
78, no. 11, pp. 58–63, 2020, doi: 10.1007/s40042-020-00035-5. 

Domínguez F. et al., “Josephson junction dynamics in the presence of 2 π - and 4 π -periodic supercurrents,” Phys. Rev. B, vol. 195430, no. 05, 
pp. 1–9, 2017, doi: 10.1103/PhysRevB.95.195430.  

Kingni, S. T.G. F. Kuiate, R. Kengne, R. Tchitnga, and P. Woafo, “Analysis of a No Equilibrium Linear Resistive-Capacitive-Inductance 
Shunted Junction Model , Dynamics , Synchronization , and Application to Digital Cryptography in Its Fractional-Order Form,” WILEY, 
Hindawi, vol. 2017, pp. 1–12, 2017, doi: 10.1155/2017/4107358. 

Venkatesh,  J.A. T. Kouanou, I. K. Ngongiah, D. C. Sekhar, and S. T. Kingni, “Dynamical Probing and Suppressing Chaos Using Genetic 
Algorithms in a Josephson Junction Model with Quadratic Damping Embedded in the Microcontroller Implementation,” J. Vib. Eng. 
Technol., vol. 13, no. 1, p. 8, 2025. 

Ramakrishnan, B. A. A. Oumate, M. Tuna, İ. Koyuncu, S. T. Kingni, and K. Rajagopal, “Analysis, FPGA implementation of a Josephson 
junction circuit with topologically nontrivial barrier and its application to ring-based dual entropy core true random number generator,” 
Eur. Phys. J. Spec. Top., vol. 231, no. 5, pp. 1049–1059, 2022. 

 

35934          Adoum Danao Adile et al. Dynamical analysis of josephson junction oscillator with quadratic damping and topological nontrivial barrier 

******* 


