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Model based on Bernoullis equation and coefficient of discharge as a function of the Reynolds
number was applied at different levels in different fluid system in Industrial operation of orifice
plate. The model was based on the principle of constant area, variable pressure drop. The
experimental results obtained from the research work were used in monitoring and predicting the
usefulness of pneumatic proportional integral (reset) control on flow characteristics of different
fluid flowing through an orifice plate. Mathematical models were developed for both
compressible and non compressible fluid in terms of flow rate as well related to the pneumatic
proportional integral (Reset) control. The proportional and integral gain is one of the functional
parameters that control and determine the effectiveness of the industrial operation of the system
by reducing the error value for laminar and turbulent flow experienced by the orifice plate.
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INTRODUCTION

Instrumentation and process control can be traced back many
millennia. The evolution of instrumentation and process
control has undergone several industrial revolutions leading to
the complexities of modern day microprocessor-controlled
processing. (Ang, Cheng and Li, 2005; Aris, 1994; Bender,
2000; Liang, 2009; and Minorsky, 1922). Today’s
technological evolution has made it possible to measure
parameters deemed impossible only a few years ago.
Improvements in accuracy. tighter control, and waste
reduction have also been achieved. An orifice plate is a device
used for measuring the rate of fluid flow. It uses the same
principle as a Venturi nozzle, namely Bernoulli’s principle
which states that there is a relationship between the pressure
of the fluid and the velocity of the fluid. When the velocity
increases, the pressure decreases and vice versa. Orifice plates
are most commonly used for continuous measurement of fluid
flow in pipes. (Geankoplis, 2003; Beguete, 2003; Rajpust,
1998; Raven, 2003; Eckman, 2005; Ogata, 1995; Wayne,
2006; Cunningham, 2001; and Ogoni and Ukpaka, 2004).
They are also used in some small river systems to measure
flow rates at locations where the river passes through a culvert
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or drain. Only a small number of rivers are appropriate for the
use of the technology since the plate must remain completely
immersed i.e. the approach pipe must be full, and the river
must be substantially free of debris. In the natural environment
large orifice plates are used to control onward flow in flood
relief dams. In these structures a low dam is placed across a
river and in normal operation the water flows through the
orifice plate unimpeded as the orifice is substantially larger
than the normal flow cross section. However, in floods, the
flow rate rises and floods out the orifice plate which can then
only pass a flow determined by the physical dimensions of the
orifice. Flow is then held back behind the low dam in a
temporary reservoir which is slowly discharged through the
orifice when the flood subsides (Zhang, Li. And Cheng, 2005;
George and Austin, 1997; Eastop and McConkey, 1995;
Octave, 1972; Holman, 1997 and Rose, 1963).

MATERIALS AND METHODS

The Concept of the Mathematical Model

An orifice plate is a thin plate with a hole in the middle. It is
usually placed in a pipe in which fluid flows. When the fluid
reaches the orifice plate, with the hole in the middle, the fluid
is forced to converge to go through the small hole; the paint of
maximum convergence actually occurs shortly downstream of
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the physical orifice, at the so-caned vena contracta point (Fig
1). (Zhang and Li, 2004); Strout, 1995; Smith and Ness, 1999;
Rose, 1963; Ogoni and Ukpaka, 2004 and Cunningham,
2001). As it does so, the velocity and the pressure changes.
Beyond the vena contracta, the fluid expands and the velocity
and pressure change once again. By measuring the difference
in fluid pressure between the normal pipe section and at the
vena contracta, the volumetric and mass flow rates can be
obtained from Bernoulli’s equation. The vena contracta, the
fluid expands and the velocity and pressure change once
again. By measuring the difference in fluid pressure between
the normal pipe section and at the vena contracta, the
volumetric and mass flow rates can be obtained from
Bernoulli’s equation.

Fipa wall

Y
i 51% flow,,

ty = pipe diameter
dy = orifice diameter
dve = vena contracta diameter

Fig. 1: Flat-plate, sharp-edge orifice

Fig. 2: Orifice plate

Design model of constant area variable pressure drop

The orifice flow equation is a key equation for hydraulic
systems. Like pipe flow, fluid flow in orifices con be either
laminar or turbulent (see Figure 1). In laminar flow, each fluid
particle follows a well defined trajectory, with velocity only in
the direction of flow. In turbulent flow (most common in
systems due to small line diameters and small orifices) each
particle flows in the general direction (velocity) of the flow,
but is subjected to fluctuating cross current velocities.
Equations for computing orifice flow are different for laminar
and turbulent flow.

Laminar Turbulent

Fig. 3: Flow streamlines for laminar and turbulent orifice flow

Determination of laminar or turbulent is determined using the
pvd h B vd h
u v

For low values of Re, flow is laminar. For high values of Re,
flow is turbulent. From Bernoulli’s equation, the total energy
loss is the energy converted to heat by friction of particles
against the wall each other is presented as;

Ap:(p]+1/2pvl2 +pgz])—(p2+l/2puzz+pgzz) )
Assuming, away from orifice, that vi = v, and A; = A,, the
flow becomes a product of the area and speed as presented in
equation (3)

2
Q=4v=4 _(pl _pz) 3
pS

Reynolds number, as given; Re =

(D

Where & is a dimensionless loss coefficient, representing the

energy loss associated with the pressure drop. For hydraulic
systems, this equation is normally written as

(4)

Where a4 is the discharge coefficient and represents the energy
loss in the fluid. Equation (4) is the orifice flow equation. The
discharge coefficient is the key element to estimate for laminar
and turbulent flow regimes. Inspection of the equation (4)
indicates that the flow rate varies proportionally with area if
the Ap is held constant, and that the flow rate varies with the
square root of tip if the flow area is held constant. Figure 4
shows notional charts of the flow behavior. Apis assumed
constant

Ap is assumed constant Area is assumed constant

Flow Area Ap

Fig. 4: Flow Rate Behavior for an Orifice

Turbulent Orifice Flow

For a sharp edge orifice, with turbulent flow and with orifice
flow area, AQ0 <<A (pipe flow area), the theoretical a, is given
as

a, =7z/(r+2) =611 )
For short tube orifices of length L, pipe diameter d, and orifice

diameter d,, can be expressed as;
-1/2

2.28 + 64 2L for d,d
dd

] 2L

a,; = < 50 (6)

> 50 ()

y -1/2

2

a, =|1.5+13.74 2L for d,d
dd 2L

o

Laminar Orifice Flow

Equation (4) can be used in the turbulent-laminar (transition)
region and the laminar flow region using the expression
presented below as;
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a, =0 R, ®)
where

5 = Qg urd  _ 0.611 ~(.137 (sharp edged orifice) (9)
5 = L _ 0.611 ~ 0.068 (rounded off orifice) (10)

21

Fig. 5: Turbulent Flow Discharge Coefficient for Short Tube
Orifice

O called the laminar flow coefficient and depends on orifice
geometry. a,qqn comes from equation (8). Rel 15 the critical
(breakpoint) Reynolds number found during empirical testing
for the type of orifice as presented Figure 3. These equations
are theoretical, but have been validated by experiment.
Equation (9) is valid up to the critical Reynolds number as

shown in Figure 5. Experimental data for a function of &,
and R, for various orifices are shown in the Figure 5 below.

[ e A i
Sharp Edge
Orifice
g Rounded
Orifice
0 | I
2 4 | 6 8 ‘ 10 12
20 J&o

VRe

Fig. 6: Laminar Flow Discharge Coefficient for Orifices

The sloped lines can be used for ad in the laminar flow region.
At the breakpoint, turbulent flow occurs and ad = 0.6 1.

Incompressible Flow Through an Orifice

By assuming steady-state, incompressible (constant fluid
density), in viscid, laminar flow in a horizontal pipe (no
change in elevation) with negligible frictional losses,
Bernoulli’s equation reduces to an equation relating the
conservation of energy between two points on the same
streamline; the mathematical expression is given as;

1 1
P1+§'p'V12:P25'p'V22 (11)

Thus, equation (11) can be written as

1 1
R -A =E-P-V22—E-P-V12 (12)
By continuity equation we have
Q = A].V] :Az.Vz (13)

V] = Q/Al and V2 = Q/Az:

Therefore equation (13) can be written as

2 2

1 (0 1 (0
P-P=—pl=| ——pl= 14
b 2’)(/12} 2’0(/11} 1

Solving for Q from equation (14) we have

(13a)

2(P-B)/p

=4, |=L S 15
0=4 1-(4,/4) (4
and

0= (16)

The above expression for Q gives the theoretical volume flow

d
rate. Introducing the beta factor f = —2 as well as the
1
coefficient of discharge Cy:

1
0= Caf s R an

And finally introducing the meter coefficient C which is
defined as

c=—

Vi-p "

to obtain the final equation for the volumetric flow of the fluid
through the orifice:

Q = CA; \/2(3 ~B)/p (19)

Multiplying by the density of the fluid to obtain the equation
for the mass flow rate at any section in the pipe; using
equation (19) we have the expression presented in equation
(20)

m = pQ = CA,\2p(R-P) (20)
Deriving the above equations using the cross-section of the
orifice opening and is not as realistic as using the minimum
cross-section at the vena contracta. In addition, frictional
losses may not be negligible and viscosity and turbulence
effects may be present. For that reason, the coefficient of
discharge Cj is introduced. Methods exist for determining the
coefficient of discharge as a function of the Reynolds number.

The parameter /1 — 3 * s often referred to as the velocity of

approach factor and dividing the coefficient of discharge by
that parameter (as was done above) produces the flow
coefficient C. Methods also exist for determining the flow
coefficient as a function of the beta function [ and the
location of the downstream pressure sensing tap. For rough
approximations, the flow coefficient may be assumed to be
between 0.60 and 0.75. For a first approximation, a flow
coefficient of 0.62 can be used as this approximates to fully
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developed flow. An orifice orgy works well when supplied
with a fully developed flow profile. This is achieved by a long
upstream length (20 to 40 pipe diameters, depending on
Reynolds number) or the use of a flow conditioner. Orifice
plates are small and inexpensive but do not recover the
pressure drop as well as a venture nozzle does. If space permit,
a venturi meter is more efficient than a flow meter,

Flow of Gases Through an Orifice

In general equation (20) is applicable only for incompressible
flows. It can be modified by introducing the expansion factor
Y to account for the compressibility of gases.

m=p Q=CY 4 \2p, (B -P) @1)

Y is 1.0 for incompressible fluids and it con be calculated for
compressible gases

Calculation of expansion factor

The expansion factor, which allows for the change in the
density of an ideal gas as it expands isentropically, is given

as:

yo e [k 1-r(k-1)/k 11-p* 22)
k-1 1-r 1-p*rlk

For values of [ less than 0.25, ,6’4 approaches 0 and the last

bracketed term in the above equation approaches 1. Thus, for
the large majority of orifice plate installations: the expression
is given as

v r2/k( k Nl—r(k—l)/k] o)
k-1 1-r

Substituting equation (4) into the moss flow rote equation (3):

b/ P (K +1)/K (24)
m=C4, |2p, [k J (/) (P//)D B)
and
% R K+1)/K
(25)
g S R R

and thus, the final equation for the non-choked (i.e., sub-sonic)
flow of ideal gases through an orifice for values of [ less
than 0.25 is given as;

T N

Using the law of compressibility factor (which corrects for
non-ideal gases), a practical equation is obtained for the non-

choked flow of real gases through an orifice for values of
less than 0.25

i =CAdP J;;%[kﬁlﬁ(?éyw(?éjmnw} 27)
P

m
Recallingthat Q, =— and p, =M
P 1
law and the compressibility factor)

(Ideal gas

Therefore substituting this conditions into equation (27) we
have

a-ex FEE A G

A detailed explanation of choked and non-choked flow of
gases, as well as the equation for the choked flow of gases
through restriction orifices is available in the literatures. The
flow of real gases through thin-plate orifices never becomes
fully choked. “Cunningham (1951) first drew attention to the
fact that choked flow will not occur across a standard, thin,
square- edged orifice.”il The mass flow rate through the
orifice continues to increase as the downstream pressure is
lowered to a perfect vacuum, though the mass flow rate
increases slowly as the downstream pressure is reduced below
the critical pressure.

Permanent Pressure Drop for Incompressible Fluids

For a square-edge orifice plate with flange taps

L —1-0248-0.5253> - 0.1653° (29)
The equation (29) obtained is a polynomial expression and if
the change in pressure of the left hand side is known the above
expression in equation (29) can be solved mathematical to

establish the values of /3

Mathematical model (calculations)

Recalling the mathematical model that define the theoretical
flow rate in relationship with pressure and other functional

parameters.
Let Qt = "”f (€ pz (30)
Arozf / Ap
2(p
( ( lp = (m/'/Ap (31)

(-2 V()

(pl pZ)_[AOV!f‘] [2j (1 (Aorif/Ap)z) (32)
_ £ _ Iqor[/'2
_(Q/AW.)Z[ZJ[I Ap3} (33)

Recalling the mathematical model that expressed the flow rate
in relation to change in pressure, radius of the pipe, length and
7T as show in equation (35) is given as

6 AP 67r*AP
O=—""—"7-r="7"—"" (34)
8L 8LO
71'7'2
We have A =
r =2(4/7)=5.29

Correlation of developed Model with Proportional

A . 2p —
Let Ot = orif P~ P

J1-(4,, 7 4pf p

(36)
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? A
(R-p)= Ag (g) - (37)
orif p
Also P =P’ +KCE+KIIEdt (38)
0

There is one common factor P, —P; in the 2 equations thus we
have (i.e P; — P, =P -P,) therefore combing equation

2 Azori
% | =2 =~ K.E-K, rEdt (39)
2 A A 0
orif y4
2 1= Ao || _ _ 242 E|K +K tdt (40)
p Qt Az - orif c 1 J‘
P 0
24% E(K, + K t
0 = (A T ) (41)
p 1 _ orif
Ap

Computational Procedure

The following parameters were used in evaluating the
functional parameters that govern flow principles such as Qt
theoretical flow rate Qt = 2 to 5m’/sec, cross sectional area of
the orifice A, = 22cm’, cross sectional area of the pipe
diameter Ap =88cm, error (E) = 1.0, density of water p=

1000kg/m’, density of ethylene glycol p = 1113kg/m’® and
density of glycerol p = 126kg/m’.

RESULTS AND DISCUSSION

The results obtained from the research works are presented in
Tables and Figures. At the end of this research work we can in
confidence that the rate of flow for the constant area variable
pressure drop increases with increase in pressure difference,
time, and viscosity with respect to the increase in density of
the fluid therefore the rate of flow is proportional to change in
pressure, viscosity, and time. The theoretical computation of
the change in pressure and proportional and integral gain are
presented in the Appendix.

graph of flow rate vs change in pre

Q;=0.1467AP+1.6024
R?=0.9839

Flow rate m3/s
w

10 15 20 25 30

change in pressure {P2-P1) N/m2

Fig. 7: Graph of flow rate vs change in pressure for water

Figure 7 illustrates the relationship between the flow rate and
change in pressure for water. Increase in flow rate was
observed with increase in pressure change. The variation in
flow rate can be attributed to the variation in change of

pressure. The polynomial equation is given as Qt = 0.1467

A p +1.6024 with the equation of the root as, R* = 0.9839.

graph of flow rate vs change

Q= 1.0216AP%%
R?=1

Flow rate m3/s
w

0 5 10 15 20 25 30

change in pressure {P2-P1) N/m2

Fig. 8: Graph of flow rate vs change in pressure for water

The variation in flow rate upon the influence of variation of
change in pressure is illustrated in Figure 8. The graph shown
in Figure 8 illustrates increase in flow rate with increase in
change of pressure. The power index equation is given as Qt =

1.0216 A p 0.5 with R* = 1, for water .

Graph of flow rate vs ct

Q;=0.13184P + 1.6024
R*=0.9839

.

flow rate m3/s
w

0 5 10 15 20 25 30

change in pressure (P2-P1) N/m2

Fig. 9: Graph of flow rate vs change in pressure for ethylene
glycol

Figure 9 illustrates the flow rate versus change in pressure for
ethylene glycol. The variation in the flow rate can be
attributed to the variation in change of pressure in the process.
Increase in flow rate resulted to increase in change in pressure

with it polynomial expression given as Qt = 0.1318 Ap+
1.6024 with R* = 0.9839.

““low rate v

54 -
£
2. ’
1
0
0 5 10 15 20 25 30

change in pressure (P2-P1) N/m2
Fig. 10: Graph of flow rate vs change in pressure for glycol
It is seen that from Figure 10, flow rate increases with increase

in change in pressure for ethylene glycol. The variation in
flow rate can be attributed to the variation in change in
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pressure. The power index mathematical equation is expressed
as Qt=0.9684 A p 05 with R* = 1.

graph of flow rate vs change in pressure for glycerol
5 Q;=0.1164AP+ 1.6024

R?=0.9839
4 -

Flow rate m3/s

0 5 10 15 20 25 30 35

change of pressure {P2-P1) N/m2

Fig. 11: Graph of flow rate vs change in pressure for glycerol

Figure 11, illustrates the flow rate characteristics of glycerol
against pressure of glycerol in pipe system. The variation in
the flow rate glycerol can be attributed to the variation in
change in pressure. The polynomial expression of the above
curve as presented in Figure 11 is given as Qt = 0.1164 A p

+1.6024 with R* = 0.9839.

graph of flow rate vs change in pressure for glycerol

Q;=0.9101AP%5
R¥=1

flow rate m3/s
w

0 5 10 15 20 25 30 35

change in pressure (P2-P1) N/m2

Fig. 12: Graph of flow rate vs change in pressure for glycerol

Figure 12 illustrates the flow rate characteristics of glycerol
versus change in pressure for glycerol. Increase in flow rate
characteristics was observed with increase in change in
pressure. The variation in the flow rate characteristics can be
attributed to the variation in change in pressure of the glycerol.
The power index mathematical expression for the curve

obtained Figure 12 is given as Qt = 0.9101 A p 0.5 with R’
=1.

=0.0167( (K +Kt
Quy = 0.0186(-(K +K 1)) Qs 1 So(zi #Kit))

= X+ 1.6024 R?=0.9839
=, R?=0.9839
£
=
9 3
2 + Water(w)
© Q, 6= 0.0148(-(K.+K;t))
g 2 x+ 1.6024 = ethylene glycol(EG)
= 1 R?=0.9839 A glycerol(G)

0

0 50 100 150 200 250
-(KHKit)

Fig. 13: Graph of flow rate vs gains for different fluids in system

Figure 13 illustrates the flow rate characteristics of different
fluids system. The variation in flow rate can be attributed to
the variation in the different gain inserted in the system as
shown in Figure 13. Increase in flow rate was observed with
increase in proportional and integral an (Kc,Kj) for water,
ethylene glycol and glycerol. The mathematical expression for
the different grphs as presented in Figure 13 is given as Q, =
0.0186 (- (K, +Kjt)) + 1.6024 with R* = 0.9839, Qg = 0.0167
(-(K¢ + Kp) + 1.6024 with R* = 0.9839 and Q,g = 0.0148 (-
(Kc + Kyp)) + 1.6024 with R? = 0.9839 for water (w) ethylene
(EG) and glycerol (G).

Conclusion

It can be noted that Accuracy in measurements limits the
meter to a range of 3:1. The orifice has a relatively large
permanent pressure loss that must be made up by the pumping
machinery. To summarize, the orifice is the simplest,
cheapest, easiest to replace, least accurate, more subject to
damage and erosion, and has the highest loss and compared to
other once which have more difficult to replace, most
expensive, most accurate, has high tolerance to damage and
erosion, and the lowest losses of all the three tubes (venturi-
tube). The flow nozzle is intermediate between the other two
and offers a good compromise. The Dall tube has the
advantage of having the lowest insertion loss but cannot be
used with slurries.

The proportional integral (reset) control process can be used to
solubilize the flow characteristics of different fluids upon the
influence of orifice plate. This innovative process has the
potential to be used not only in a simple river flowing process
bur also for industrial valuable resources process. At lower
flow rate regimes (1m’s), the proportional integral gain
increases linearly with increase in flow rate for water, ethylene
glycol and glycerol. However, a polynomial expression were
obtained in relation among the flow rate characteristics and the
different fluids in system. The mathematical equations
obtained in term of flow rate characteristics for the different
fluids is given as

Qu =0.0186 (- (K. + Kjt)) + 1.6024 with R* = 0.9839,

Qtgg = 0.0167 (-(K, + Kit)) + 1.6024 with R* = 0.9839

and Qg =0.0148 (-(K, + K;t)) + 1.6024 with R* = 0.9839

At different flow rate the response time can be evaluated using
the developed polynomial expression as presented in this

paper.

Nomenclature
44 oo
d n = ? hydraulic diameter (mm)
A = flow section area (m?)
S = flow section perimeter
A" = flow velocity (m/s?)
7] = dynamic viscosity (Ns/m?)
v = kinematic viscosity (Ns/m?)
AP, = permanent pressure drop
AR = indicated pressure drop at the flange taps
(N/m?)
Y’ = d,/d; (dimensionless)
K = Specific heat ratio (C,/C,), dimensionless
Q = upstream real gas flow rate, (m’/s)
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C = orifice flow coefficient, (dimensionless)

A, = cross-sectional area of the orifice hole, (m?)

yo = upstream real gas density, (kg/m’)

P, = upstream gas pressure, Pa with dimensions
of (kg/ms?)

P, = downstream pressure, Pa with dimensions of
(kg/ms?)

M = the gas molecular mass. kg/mol (also known
as the molecular
weight)

R = the Universal Gas Low Constant = 8.3145
J/(mol K)

T, = absolute upstream gas temperature, (K or
OC)

zZ = the gas compressibility factor at P and T,
(dimensionless)

r = radius of the pipe (mm)

L = length of the pipe (mm)

D = diameter of the pipe (mm)

n = viscosity of the fluid
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